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Euler's Work.
866 Publicationg&1 — E866(Enestrom).

List of results, formulas, theorems by Euler
(established together with A. Robert, Neuchatel)

Arithmetics
Fermat numbe23? + 1 “divisibilis per 641" (E26 ; E133;
a"+ b' = " impossible (Fermat = 3;4) (E98 ; E38§;
proofs of “small” Fermati134, E26Y;

R Diygsor sums R R R

n= (n 1+ (n 2) (n 5) (n 7)+:::
(E179;

Theta Function P 1
1 )@ x)L x¥:ii= L ( DXz (E249;

Perfect numbers, Theorem of Euclid-Euléf7@9 ;
Amicable numberse£100, E15%;



p

Numbers as sum of 2 squarés’@8, E24);
Numbers as sum of 4 squareés?@d2, E44%;

Euler Indicator (n) (E271 ; E449;
Theorem of Fermat-Eulen dividesa (W 1 (E271);
Primitive roots fomp (E449) ;

Proof of Wilson's TheoremHE560) ;
_aw of quadratic reciprocity, Euler criterion

1

az = 2 modp(E559;

p
X1 Y 1

Euler's product of Function: — = ;
1nS ) 1 p°

P n
divergence of p% (E72);
Generating function of Bernoulli numbens4{7, E21%

u B B B B

et 1 1! 2! 3! 4] Y




Partitions of integers, corresp. generating functiehql)

1 X .
1 A A X Op(”)X ,
Magic squaresg530 ;

Topology
Euler's polyhedra formulé + s= a+ 2, Euler-Poincaré
characteristici£230 ;
Konigsberg bridges, graphs and Euler circuiis3) ;
Knight trajectory on Chess-board (Hamiltonian circuit) ;

Geometry
Euler-Bramagupta formula for circular quadrilaterall 85 ;
Euler's identity for general quadrilateral

a’+ P+ ¢+ d°= "+ "5+ 4¢e* (E139;
Euler line in a triangle, relation of Chappié = R? 2rR,
Theorem and circle of Feuerbadh329 ;



Quadratic forms irR* to diagonal position£102) ;

Trigonometric functions; trigonometric identities ; proxd
for sinnx (E249 ;

New access to spherical trigonometBs@49 ;

Number of intersections of tw8rd degree curves (Paradox
of Euler-Cramer) ; approach of Bézout's theordai4?) ;

Revolution Surfaces and their geodesieg14) ,

Euler-Meusnier formula for curvature of surfa¢e3(E3

1 cos’ N sin?'
R R R,
Euler angles of an orthogonal transformatiorRsf
Analysis |
Euler'snumbee= 1+ =1+ 1+ S+ =+

12 123
(E10, E15, E61, E101



Continued fractionse 1, €, irrationnality ofe (E 71,

] e 11
E101, E123;
The famous relationH61, E10)

eX = cosx + i sinx: e = 1:

Logarithms of x and of complexes numbers ;(E169;
In nite product of sinz, partial fraction decomposition of
cotz (E41; E6G);
o ;rh_e I23-aseFL prlol:ilerT- IEAF}, If6_3 I5661 !54-164, E7D4

nzZ = 6 n? = 90’ ne — 945 "

Euler-Maclaurin summation formula, Euler-Mascheroni
constanC (E47, E212, E64Y;

Euler identities for derivatives of homogeneous fonctions
(E212);
R Euler substitutionﬁgor 'Wtegrals

R(sinx; cosx) dx; R( ax?+ bx+ c¢;x)dx (E352;




Gamma function( x), Beta functiomB (p; 0 (E19, E254,
E321, E42]) ; P

Dilogarithm Lix(x) = = %; (E20, E342, E735

Transformation of double integral&$91]) ;
Derivative of Iintegrals w.r. to parametdtr4{64) ;
Differential Equations with constant coef cients§2);
nhomogeneous differential Equations with constant
coef cients (E189

Differential Equations with weak singularities,
hypergeometric serie&B866, E71(;

Euler's method for general differential equatiois3{?) ;

Taylor methods for general differential equatio&S4 2

Euler-Fourier formula for Fourier series={04) ;

Variational calculus, Euler-Lagrange equations (66 tkdal
exemples) 65 ;




Physics

Differential equations of mechanics 10, E15, E17Y;

Equilibrium of ships Gcientia Navalis(E110, E11);

Euler's equations for hydro- and aerodynamics (
Navier-Stokes)E225, 226, 22).

Inertial ellipsoid of a rigid bodyH{29]) ;

New principle for angular momentun{ /79 ;

Euler equations for the rigid body (“corporum solidorum?”)
(E292, E289,

- and 20 volumes ofistronomicacalculations.



His First Great Achievements.
E3, E5 . Trajectorias reciprocas . .(1725);

2

: 1 1 1 ... — :
F20,E41,E61:1+ 1+ 1+ L:ii= 2 (1735);

E19, E254, E321, E421 The Gamma Function .(1729);
E72: Prime Number Theorem ... (1737);



Reciprocal Trajectories
(E3, ES)

Bodmer manuscript:
(found in Libr. in Geneva)
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Challenge. (Leibniz, Nicolas Il Bernoulli (1720):

Invenire & construere curvaiBC , eandemqu®BE , sed
Inverso situ positam ; (...) motu sibi semper paralleloyaar
ABC & DBE secent constanter se mutuo ad angulos rectos.

\ ”

<) N\

$
NN B
New Challenge.(Anonymous)Find simplestlgebraic curve.
Solution. (by Joh. Bernoulli) Curve of third degree.
New Challenge.(Joh. Bernoulli)Find secondsimpl. alg. curve.

A D




18 years old Euler challenges H. Pemberton in Cambridge:

“I must make reference to the publication by that Anonymio il
Angelo who posed the questions about reciprocal trajexgdtri.)
| myself have devised a method for nding a general series of
curves (...) All of which I will reveal in a year's time.”

(Euler, end o1, announcindg=3. Transl. by lan Bruce.)

E3: z=y+s E C
W=Yy S
dz= dy+ ds
dw= dy ds
GG
dy? 2 _
g az= 1 A
ds® = dx®+ dy?: X

)  Any symmetric curvésBH leads to a solution.



The curve of the ingenii Juvenis Leonhardus EULERUS (E3).
Without any explanation, Euler puts for the even functyox)

2, 2 2_ B — _ xF+gatt
X +:—3a = a’ ay? or y= " ;
1 /
dy:3x2+§a22 X dX . - (3x2 + az)dx:x_3+x_
a2 a2 az
2 3
z=y+s ) (a%z x® ax)’= x°+ ;_332 '

quae dividendo pes® ... seu ponenda® = £ ad hanc

1232 + 3x°+18xz 92°+4=0 -

Quae est aequatio ad quarti ordinis curvam.



Undﬁrstand Bodmer man.:

(a2 2)m dt
Z = (?{+ t)2M dt
w=  (a t)2"dt

orth. cond.dz dw= dx?

z= ——(a+ t)?m*!
t= """ 2m+1)z a

andinsertd=1etm=1):

X = t 1t~’|30
X= £+ 09z2 7

(Sol. of Joh. Bernoul)i
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The article E173. Hundred's of solutions, for ex.
20 years later (viginti abhinc annis et quod excurrit)Niova

methodus inveniendi tralectorias reciprocas algebrajdasler
computes hundreds of solutions, for example
Oy2=6Yy(2x3+3X)+3 x°+4
64y°=16Yy(8x*+12x°+3) 8x? 9
225/°=30y(24x>+40x3+15%)+15x°+16
576y°=48y(64x°+120x*+60x%+5 24x* 25
1225/2=70y(160x ' +336x°+210x°+35%)+35x°+36
2304/°=96Y(384x3+896x°+672x*+168x°+7) 48? 49
39692 =126y(896x°+2304x"+2016x°+672x3+63X)+63x°+64

guae ergo aequationum series, quousque libuerit, facile
continuabitur.



Next Challenge: Find value of the series

T T R S

+ —+ —+
4 9 16 25
(“Basel” Problem; P. Mengoli (1650), Jac. Bernoulli (1689)

“La recherche approfondie de la somme [de cette série] est plus
difficile que quelgu'un s'y attendrait, et pourtant nous recueillons
[d'aprés ce qui précéde] qu'elle est finie (...) : si quelqu'un trouve,
gu'il nous communique ce qui jusqu'ici a échappé a notre
industrie, qu'il accepte de nous de grandes graces.”

(Jakob Bernoulli, Tractatus de Seriebus Infinitis)

“"Utinam Frater superstes esset I”
(Johann Bernoulli)

Jakob Bernoulli
(1654-1705)



E20: Atleast a good num. value by inventing tbdogarithm
y ¥,y

Z
O ¢ )
Lio(y) = y dy = 1+ 4+ 9+...

(the“Radiation Integral)

. 1 1 1 1
L|2(1):1+ Z+ 5"‘ 1_6+

It IS enough to compute

Li(l)_ 1111
227712 44 98 16 16

because

1 1 1

Lioy) + Liz(1 y)=1+ Z+ 5+ =+ () " y):

“ergo somma serie est 1:644934 quam proxime.”



The break-through E41: (1735)

“One of Euler's most sensational early discoveries, pesthiap
one which established hiqurowing reputation most rmlyswa
his summation of the seriesi n 2(...). This was a famous
problem, rst formulated by P. Mengoli in 1650 ; it had resigt
the efforts of all earlier analysts, including Leibniz ahe t
Bernoullis.” (A. Well, Number theoryl1984, p. 184)

First idea:The “polynomial“ (in1=5%)
sins S? s

— =1 +
S 123 12345




The break-through E41: (1735)

“One of Euler's most sensational early discoveries, pesthiap
one which established hiqurowing reputation most rmlyswa
his summation of the seriesi n 2(...). This was a famous
problem, rst formulated by P. Mengoli in 1650 ; it had resigt
the efforts of all earlier analysts, including Leibniz ahe t
Bernoullis.” (A. Well, Number theoryl1984, p. 184)

Back to rst year algebraThe polynomial
p= x> X2+ X
) = X1+ Xo+ X3 (Viete)
) P=(X X)X X2)(X Xgz) (Descartel

)  XZ+ X5+ X5= % 2 (Newton



The break-through E41: (1735)
“One of Euler's most sensational early discoveries, pesthiap
one which established hiqurowing reputation most rmlyswa
his summation of the seriesi n 2(...). This was a famous
problem, rst formulated by P. Mengoli in 1650 ; it had resigt
the efforts of all earlier analysts, including Leibniz ahe t
Bernoullis.” (A. Well, Number theoryl1984, p. 184)

First idea:The “polynomial“ (in1=5%)

sins s? s
— =1 +
S 1 23 12 3405
14 N . 1. 1.... -
has “roots 34 292 Hence, byiete,
1+1+1+ —10r1+1+1+1"" 2'
2 42 92 6 4 9 16 6°



and byDescartes

. S? S? S? s
sins=s(1 —)1 ﬁ)(l W)(1 Tg2)

Furthermore, théheoremata NEUTONIANgive

1+1+1+1+1+---— ’
24 3/ 44 54 T Q0
1+1+1+1+1+---—
% 3P 46 56 7 945
1+1+1+1+1+---—
28 38 48 58 7 09450
10
1+i 1 1 1 .

+ —+ —— + —+ 1=
210 310 410~ 510 93555



Second ideaChoosey = sin z, then the “polynomial” (inl=s)

S g3 s°

+ 10
y 123y 12345y

1 1 1 1 1
Z' Z' Z' 2 +72 2 +z’
SO byViete,
1 1 1 1 1




and inserting e.gz = 5 andy = 1, we have

1 1 1 1 1
1l -+-=- -+ = —+:
3 5 7 9 11

4
and thetheoremata NEUTONIAN] give
1 i + i i + i i 4+ = _3
P 5B 7B 9 113 0 32
1 1 1 1 1 5 °
1 -+ = 4+ = —+ 1= ——
P 5 7 9 1P 1536
1 £+£ £+£ i+--:617
3 5 7 97 117 184320
and so on.

The proofs were criticized by Joh. Bernoulli, Daniel Berhiou

and Gabriel Cramefo, Euler searched for more rigorous
proofs.



E59:

/
1Xm 1_|_Xnm1 1
- dx= — ——=
0 1+ X n sin—-
1 1 1 1 1
= i+ + +
m+2n mMmM+n M M N mMm 2n

£162: General method for integration of rational functions
P (x) dx

Q(Xx)

veri cation of this integral.
E60: Need roots of unity and factorizations of the type

by partial fraction decomposition and direct

(nY1)=2 ol
2" a"=(z a) (z° 2az Cos—— + a?):
k=1



E61: The formula

| ex ex 1 X X
SINX = , = —((1+ — 1 —
Inx > A+ @ =))
by inserting the above factorizationsof a" one obtains
. X2 X2 X? X2
sinx = x(1 —)1 ﬁ)(l W)(1 W
and similarly
4% 4% 2 Ax2
cosx =(1 —)(1 W)(1 25 2)(1 29 2) 0

E130 : Take logarithms of these products, and differentiate

) partial fraction decompof = < andcotx.



E47, E212:Connection with the Euler-Maclaurin Formula

X Z 1
fi)= f)de+ () () -
1=1 0
X
o (1% D) 1 D(0))
k 1 '

Using agenerating functioifinvented here) Euler gets

X 27° X

— — 2
Z cotz=1+ - n22_\ ( 1) (2)|2

n=1
and by expanding the geometric series we see nally

)4 1 ~ . (2 )2‘
nz -0 1) 12 (2°)!

n=1

B, :




“So hat Euler nicht nur zuerst die Summen der reziproken
geraden Potenzen der naturlichen Zahlen bestimmt, sondern
auch den Zusammenhang der dabei auftretenden Koef zienter
mit anderen wichtigen Formeln der Analysis nachgewiesen.
Seine Untersuchungen uber diesen Gegenstand gehoren zu d
schonsten und tiefsten, mit denen uns sein Genius besdnat’ikt

(P. Stackel, Bibl. Math., 8 (1907-1908)



Third Challenge: the Gamma Function E19.

Long discussions In correspondence between
Chr. GoldbaclandDan. Bernoulll

Problem.Find, forx, the valuex! “interpolating”

1: 12;: 123; 1234;




Third Challenge: the Gamma Function E19.

Long discussions In correspondence between
Chr. GoldbaclandDan. Bernoulll

Problem.Find, forx, the valuex! “interpolating”

1: 12;: 123; 1234;

22 years oldculerstates 1729 the solution:

1 2x 21 X 3x 31 X 4x 41 X 5x
X! =
1+x 2+X 3+ X 4+ X

Special cas& = % usingWallis' product):

(

I

1 _ 4 46 68 8 10 T
- 355 77 99 4 2

r— p_

2
2 3
How did Euler nd this formula ?? Explanation ifi=052):



Euler took inspiration fronWallis' Arithm. In nitorum (1655)
VA 1

2N
|, = 1 xd"d |, = |
n O( X) X ) n 2n+1 n 1
|o |1 I2 |3
1 2 2 4 2 4 ©
3 3 5 3 5 7



Euler took inspiration fronWallis' Arithm. In nitorum (1655)
VA 1

2N
= 1 x3)"d = |
n O( X) X ) n 2n+1 n 1
|o |% |1 |2 |3
1 2 2 4 2 4 6
3 3 5 3 5 7



Euler took inspiration fronWallis' Arithm. In nitorum (1655)

Zl
2N
|, = 1 x9)"dx |, = |
n O( ) ) n 2n+1 n 1
R PR PR 1, E | 5
. 2 3 2 4 35 2 4 6
3 4 35 4 6 3 5 7

Quo facilius res fuccedat, progreffionis ( ibidem reperte ) termini

3X§ 4x6 3X5FX" S g

:0.1.0.%.40.
2 X4 gx; 2><4.x6

IXIXFXFXTXTXIX OXIIXIIXI3X13 xV I
mlnorquam2x4x4_x6x5x8x8x10x10x1 2x I12%x 14

O IXIXFXFTXTXTXIX 9:~<II><1I><13><I_:;xvI
major quam2x4_x4x6x6x8x8x10x10x12x 12X I4

X
3!




ldea.Putx! = and intercalate the sequende (1 + x)!;::::

or 1! 2! 3!
X! (1+x)! (2+ x)! (3+ x)!

1 1 12 1 2 3 L
(1+x) (1+x)(2+ x) (1+x)(2+ x)(3+ X)




ldea.Putx! = and intercalate the sequende (1 + x)!;::::

or 1! 2! 3!
X! (1+x)! (2+ x)! (3+ x)!

1 1 12 1 2 3 L
(1+x) (1+x)(2+ x) (1+x)(2+ x)(3+ X)

“In In nitum continuata tandem cum geometrica confundatur
(N+1) = NI(N+L); (N+2)! = NI(N+)(N+2) NI (N+1)?

hencg(N + x)!  NI! (N+1)*
for example, IfN = 3, inserting(3 + Xx)! we obtain
1 2 3 & 1 2 & 3t x4
(1+x)2+x)(3+x) (1+x)(2+x) 3+x




Integral FormulasBecause of presence %f_ no hope for
algebraic formulas... Perhaps integral formulas may help!

Diicovery:
1

n n 1 1 1
XM 11 x)"dx =
0 m m+1 m+n 1 m+n
Substitugonxm =Vy.)
1 1 2 n

20 gy =
O(l ym)"dy m+1 m+2 m+ n

Divide both sides b)lzmnl: )

Z 1 . Z 1
lim 1 1ym dy = ( Iny)"dy= n!
m!l 0 = 0
or (E6/79 >
1

0 (p+ 0



Products for Beta Function Integrals (E254)
VA 1

kn
k= x™ 1@ x"* tdx PR
= ( ) I

1
l: 1= —:
m
|1 |5 | 3
1 1 N 1 N 2N
m m m+ n m m+n m+2n




Products for Beta Function Integrals (E254)
VA 1

kn
k= x™ 1@ x"* tdx PR
= ( ) I

1
l: 1= —:
m
11 Ik |5 | 3
1 1 N 1 N 2N
m m m+ n m m+n m+2n




Products for Beta Function Integrals (E254)
VA 1

kn 1
.=  x™ 1@ xM* ldx | iesq = e 1= —:
0 ( ) ) m + kn m
11 Ik |5 | k1 | 3 | k42
1 1 N kn 1 N 2N
m m m+ n m+kn mm+n m+2n

“SameZ procedure am/eryyear” ...)
1

x™ {1 x")* ldx =
0

1 Im+ kn) 2(m+ kn+ n) 3(m+ kn+2n)
m k(m+n) (k+1)(m+2n) (k+2)(m+3n)




Symmetric Beta Function Products(E321)
setm = pandk = 3, then
VA 1

xP 11 xMn ldx=
0

p+q n(p+qg+n) 2n(p+qg+2n) 3n(p+qg+3n)
pa (p+ n)(g+n) (p+2n)(q+2n) (p+3n)(q+3n)

Relation of Beta Function Products with the SinugE321)
Setp+ g= n(i.e.g=n p), then

Zlnxpldx _Zlnqudx
o "(L x")P o (1 xN)e
1 nn 4nn onn

P nn pp 4nn pp 9nn pp nsin nsin%:



Relation of the Gamma Function with the Sinus(E421)
After long calculations, Euler nally discovers that

(O =2 or ()@ )=

SIin SIin

and readily remarks an easy access by multipling the vety rs
product of E£19):

12 2t 3 1 2 21+ 3
1+ 2 +

()=

factor by factor to obtain

1 1 2 2 3 3
1 2 4 2 9 2 sin




NUMBER THEORY.

“(...) feu Mr. Fermat a proposeé plusieurs théoremes surtiarea
des nombres (...). Je serois fort curieux de voir [les
demonstrations], car je suis obligé d'avouer, qu'aiantaiée

dans ces matieres plus de 14 ans, je n'ai pu trouver les
démonstraions de tous. Ce seroit un grand avantage pour ceu:
qui aiment ces spéculations, et méme pour la vérite,...”

(Lettre d'Euler a Clairaut, Berlin avril 1742)

“Je n'al jamais entendu parler des Theoremes de Fermat ra de
gue peuvent étre devenus ses papiers. Cette Matiere dofbétr
epineuse ....”

(Lettre de Clairaut a Euler, Paris 29 mai 1742)

“Mais ne trouvez vous pas gue c'est presque faire trop d'keann
aux nombres premiers que d'y repandre tant de richesses, et n
doit-on aucun égard au gout raf né de notre siecle ?”

(Lettre de Dan. Bernoulli a Nic. Fuss, Bale 18 mars 1778



*One must realize that Euler had absolutely nothing to $tam
except Fermat's mysterious-looking statements.”

(A. Weil, 1972)

“Die Grundlage zu allen Untersuchungen, welche den
allgemeinen Tell der Zahlentheorie ausmachen, istBler
geschaffen.”

(P.L. Chebyshev 1889)

“If Euler had never done anythingxceptumber theory, he
would still be remembered as one of the great mathematitians

(P. Erdos 1983)



Prime Numbers.

“Les mathématiciens ont tacheé jusqu'ici en vain a découwvmir
ordre quelconque dans la progression des nombres preetiers,
on a lieu de croire, que c'est un mystere auquel I'esprit hama
ne saurait jamais pénétrer. Pour s'en convaincre, on n'a qu'
jeter les yeux sur les tables des nombres premiers,...”

(EulerE175 orig. in French)

De nition. (Euclid, ElementsBook VII, De nition 11)
| 0& 0& OO0 0 0 0&

l © [ | e [ || e i | 5 v | o e | o o e o e s e e &3
1S 2 131441500158

o

= 1
5[5
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s
B[ |ovs | s e | s ot | 5 | | 2 | e e s e e e e o o v e e et o
& [ ot s | | | 5| i (o e s e e e o s e v i e e
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Only known theorem before Euler:

Theorem (Eucl. IX.20). There are more prime numbers than
any assigned number.

A o—o
B o o
H o o
E o o—o /

Proof. Suppose th#, B, are theonly prime numbers.

_etE be smallest number measured by all (i.e., their produc
_et Z be the unity.

By hypothesisgZ is not a prime number.

So it must be measured by a prime number,iday

ButH cannot béA, norB, nor . A contradiction.

Attention. It Is not said thatp;pops:::;p + 1 Is always prime.
Counter-example2 3 5 7 11 13+1=59 509




And then 2000 years nothing, ... until Eulere72 (1737)
The paper starts with a “proof” of Chr. Goldbach:

T T T T

we subtract the geom. seriqé
1






y%_ﬁ' %'Jr +_+_+} 110 111
B e

}/%'Jf‘*%' %' %'+_+_+§ @ %1
SEARERE RN LIS

At the end we have the




Theorema 1.

1 1 1 1 1 1 1 1

“+ o+ —+ —+ —+ —+ —+ =1

3 7 8 15 24 26 31 35
where the denominators are all powers ) of all numbers
( 2) minusl.

Euler was fascinated by this result, because “this sortriéses
completely different from the series which have been
considered until now”.

“Les series divergentes sont en général quelque chosemle bie
fatal, et c'est une honte qu'on ose y fonder aucune
démonstration. On peut démontrer tout ce gu'on veut en les
employant, et ce sont elles qui ont fait tant de malheurs iedrju
enfanté tant de paradoxes. Peut-on imaginer rien de plublgor
que dedebiteo =1 2"+3" 4"+ ::: n étant un nombre
entier positif ?”

(Letter ofN. H. Abelto Holmboe, 16 jan. 1826)



Results concerningultiplication:

11 1 1 1 1 1 1 1 1
1+ -+ -+ -4+ =+ -+ =+ -+ —+ —+ —+
2 3 4 5 o6 7 8 9 10 11
1 11 1 1 1 1 1 1 1
:1+_+§+Z+§+_+?+_+§+_O+ 1_1+
AR S S

2 2 3 4 5 6 7 8 9
1 1 1 1 1 1 1
=1l+=+ 4+ Z+=+ — +
% 5 7 ? 11 13 %5



we next subtracbne thirdof the series,

1 1 1 1 1 1 1 1 1
1 )1 DA+ =+ S+ S+ + 2+ =+ =+
( 3)( 2)( 2 3 4 5 6 7 8 )

1 1 1 1 1
=]1l+-+ -+ —+ —+ —+

7 11 13 17
The next to subtract isne fth |,

1 D0 DA DA+ 4+ + o+

1 1 1 1 1

7 %1 %3 / %9
and so on (“tandem reperletur”) until there Is odlleft to the
right. We get :




Theorema 7.

1 1 1 1 1 1 1 1
1+ -+ -+ 4+ 2+ 4+ 2+ 2+ 2+ =

234567819

T @ e Ha Ha ha D

where the denominataonstituunt progressionem numerorum
primorum.




Theorema 7.
1 1 1 1'+1'+1'+1 1
2 3 4 5 o6 7 81 9
@ pE DA HE HA i

where the denominataonstituunt progressionem numerorum
primorum. ) Riemann (1859)

|
+
|
+
[

Ueber die Anzahl der Primzahlen unter einer
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Feat » gegebenen Grosse.
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e lsnee Konalloeictts, BEY, Moo el (Monatsberichte der Berliner Akademie, November 1859)
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durch Mittheilung einer Untersuchung iber die Hiufigkeit der Prim-
zahlen; ein Gegenstand, welcher durch das Interesse, welches Gauss
und Dirichlet demselben lingere Zeit geschenkt haben, einer solchen

ol vemei, ool o i A Mittheilung vielleicht nicht ganz unwerth erscheint.
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Euler: Take logarithms

1 1 1 1
A | \1 )= -+ —+ — +
ply |) I 212 33

Theorema 19.Summa seriei reciprocae numerorum primorur
est in nite magna

1 1 1 1 1 1
-+ -+t -+ =+ —F+ — + .

2 3 5 [ 11 13

+::)= (1):

N

+ Z+ Z +
4 5

“*One may well regard these investigations as marking thé bir
of analytic number-theory.”

(A. Well, Number theory1984, p. 267).






Challenges: Fermat's Assertions.

25 years old Euler foundH26) that Fermat was wrong and that
22 +1=2%+1=4294967297

“divisibilis est peré41’.



He discovered this counter-example by proviad §4) thatthe
only odd prime divisors of

azn + bzn

must be of the forn2™*1n + 1.



Amicable Numbers.Pythagoreans discovered that:
Sum of divisors o220

1+2+4+5+10+11+20+22+44+55+110= 284

Sum of divisors 0284
1+2+4+71+142 = 220:

No more found by Greeks. ... Mersenm¢armonie Universelle



Euler(E152:



The “Great Fermat™:
a'+ b'=c" impossible fom > 2

Euler (£99) elaborates proof of Fermat-Frenicle foe= 4 (the
only idea of proof which Fermat allowed to escape!!) as
follows:

_ 2
lemma2. &+ P =quadr.) o P

b=2pQ

Lemma 3. a° b= quadr. )

Now supposa® + I* = quadr..

Lemma?2:) a?=p° o, ©B=2pg ) 29;p= quadr.

Lemma3:) p=m?+n? d=2mn ) 4mn;mn = quadr

) m=x%n=y? p=x*+y*= quadr.“descente in nie”...



Subsequent Theorems OE98:

neorema 2. a* b* 6 quadr.
neorema 3. 2a* + 21* 6 quadr.

neorema 4. 2a* 20 6 quadr.

neorema S.
ma* m3p* 6 quadr, 2ma* 2m3p* 6 quadr.

Theorema 6.
ma*+ m3p* 6 quadr, 2ma*+2m3g* 6 quadr.

Theorema 7.(Fermatianum).
Triangular number§®>. 6 biquadr.

"heorema 8. a* + 21¢* 6 quadr.

Theorema 10.
a>+ 1= c?impossible exceptfoa=2; c=3.

... just to have an idea of Euler's working power...




The “Great Fermat” forn = 3:

“Ich habe nun wohl Demonstrationen gefunden, dass

a+ b*6 cdunda*+ b* 6 ¢, wo6 unmoglich gleich bedeutet.
Aber die Demonstrationen fur diese zwel casus sind so
voneinander verschieden, dass ich keine Mdglichkeit sehe,
daraus eine allgemeine Demonstrationdlir- ' 6 c" sin > 2
herzuleiten.”

(First mention of proof fon = 3, letter of Euler to
Goldbach, Berlin 4. Aug. 1753.)

nally published as very last theorem @éinleitung zur Algebra
(E388 1770).

n =5: Dirichlet (1824) ,n = 14: Dirichlet, ......

all n: read newspapers of 1994....
E255 found interesting counter-examples

3F+43+53=63 1°+6°+83=93 13+123=93+10°



Diophant-Bachet: Every number is sum of 4 squaré&.ove!!



Easier: Numbers sum of 2 squares(E228+ E241])
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BHEAEHBAA S
HEEEEREEA
FAFIFIFIEEEA
FIFIFEIEIREE S
FFFIFIAEIEE]
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v [ [ [ [
END0BBEE
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BEODBEEER
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BE00E0Ba6
5o s [s=]=]=
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qu

Thereisnofed’'in =4n + 1!
Theorem: Every prime of typén + 1 is sum of two squares.

56
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414149
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A3 151
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174125
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12024130
194[23
164244132
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Power Residuals.(E262.
“residua ex divisione potestatum relicta...”
Let p be a prime number, sayp = 7.

Progressio geometricd,;, 2, 4; 8, 16, 32 64
Residua 1, 2, 4, 1, 2, 4, 1,
Progressio geometricd,;, 3; 9, 27, 81, 243 729
Residua 1, 3, 2, 6 4 5 1,




The "Little” Fermat. (E134, E262, E271, E449
Results depend only on preceeding residual;
)  periodic seguence.
Either allp 1restes appear |ffimitive roof’)

.. or 22 restes appear, dg?, etc. We conclude:

Theorem.
a> 1=1 (modp):



Quadratic Residuals.(E552.
Question Which residuals are residuals of a square?
Answer. Take a primitive root and looka(= 2 andp = 11; 13):

17!y [ (8 [B (b 78 ) P8 U [
wedr e Y- Rel: KR REN"

'l
A=A

wel dch Ic) 101 18 e

12y [ (9 3] 7 72 74 75)7m37( 6

Conclusiohe rest 1lis a quadraticresidualg=4n+1.

Or: There is & such thap = 4n + 1 dividesk? + 1
(l.e., a sum of two squares). This is ingedient of prooE@P8



Discovecs
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