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200 Years of Least Squares Method
A. Abdulle and G. Wanner, Genève, Basel

The method of least squares is the automobile
of modern statistical analysis;. . .

(The first sentence of Stigler,Gauss and

the invention of least squares, The Annals of

Stat., 9, 1981)
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T ◦

i
C Ui T ◦

i
C Ui T ◦

i
C Ui

0 −0.89 35 0.42 70 1.88

5 −0.69 40 0.61 75 2.10

10 −0.53 45 0.82 80 2.31

15 −0.34 50 1.03 85 2.54

20 −0.15 55 1.22 90 2.78

25 0.02 60 1.45 95 3.00

30 0.20 65 1.68 100 3.22

Example: Thermojunction

T0 =24◦ T
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T

U = a + bT?

– p.2/39



T ◦

i
C Ui T ◦

i
C Ui T ◦

i
C Ui

0 −0.89 35 0.42 70 1.88

5 −0.69 40 0.61 75 2.10

10 −0.53 45 0.82 80 2.31

15 −0.34 50 1.03 85 2.54

20 −0.15 55 1.22 90 2.78

25 0.02 60 1.45 95 3.00

30 0.20 65 1.68 100 3.22

Example: Thermojunction

T0 =24◦ T
∑

i
(a+bTi−Ui)

2 = min!

0 50 100

0

1

2

3

T

U = a + bT?

0 50 100

0

1

2

3 a = −.980909

b = .041218

– p.2/39



T ◦

i
C Ui T ◦

i
C Ui T ◦

i
C Ui

0 −0.89 35 0.42 70 1.88

5 −0.69 40 0.61 75 2.10

10 −0.53 45 0.82 80 2.31

15 −0.34 50 1.03 85 2.54

20 −0.15 55 1.22 90 2.78

25 0.02 60 1.45 95 3.00

30 0.20 65 1.68 100 3.22

Example: Thermojunction

T0 =24◦ T
∑

i
(a+bTi−Ui)

2 = min!
∑

i
(a+bTi+cT 2

i
−Ui)

2 = min!

0 50 100

0

1

2

3

T

U = a + bT?

0 50 100

0

1

2

3 a = −.980909

b = .041218

0 50 100

0

1

2

3 a = −.886245

b = .035239

c = .000060

– p.2/39



History.

Babylon. and Egypt. civilisation:

The Seven Heavenly Gods

Sunday, lunedi, martedi, mercoledi, giovedi, venerdi, Saturday.
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... and then nothing new happened for more than 2000 years ...
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... and then nothing new happened for more than 2000 years ...

Sensation:

Sir William Herschel:
a German organist and amateur astronomer

living in England

discovered the 13th of march 1781 a new planet, through a huge
telescope of his own construction. Herschel wanted to name
‘his’ new planetGeorgium sidus(George’s star),in devotion to
the British King, but Bode’s propositionUranus(in Greek
mythology the father of Saturnus), was felt less patriotic and
became generally accepted.
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The Rule of Titius-Bode.
Das Daseyn dieses Planeten scheint insbesondere aus einem
merkwürdigen Verhältniss zu folgen. . . Sollte der Urheber der
Welt diesen Raum leer gelassen haben?

(J.E. Bode,Anleitung zur Kenntniss des gestirnten

Himmels, 6. Aufl., Berlin 1792, quoted inHegels Werke5,

Anmerkungen p. 810)

0.4, 0.4 + 0.3 = 0.7, 0.4 + 2 · 0.3 = 1 (the earth), . . .

0.4 + 2n−2 · 0.3, . . . .

Forn = 1, 2, 3, 4, 6, 7, 8 approximate well the distances of the
known planets.
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The Rule of Titius-Bode.
Das Daseyn dieses Planeten scheint insbesondere aus einem
merkwürdigen Verhältniss zu folgen. . . Sollte der Urheber der
Welt diesen Raum leer gelassen haben?

(J.E. Bode,Anleitung zur Kenntniss des gestirnten

Himmels, 6. Aufl., Berlin 1792, quoted inHegels Werke5,

Anmerkungen p. 810)

0.4, 0.4 + 0.3 = 0.7, 0.4 + 2 · 0.3 = 1 (the earth), . . .

0.4 + 2n−2 · 0.3, . . . .

Forn = 1, 2, 3, 4, 6, 7, 8 approximate well the distances of the
known planets.

n = 5 is missing !! Is there a gap?? The creator has certainly put

something there!!
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The Thesis of Hegel.
Dissertatio philosophica de orbitis planetarum,
Ienae MDCCCI.

Plato’sTimæus: the “Soul of the World” :
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The Thesis of Hegel.
Dissertatio philosophica de orbitis planetarum,
Ienae MDCCCI.

Plato’sTimæus: the “Soul of the World” :

“16 enim pro 8 quem legimus ponere liceat”
3
√

x4 andponamus3
√

3 for 1

1.4 2.56 4.37 6.34 18.75 40.34 81

“inter quartum et quintum locum magnum esse spatium”
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The Thesis of Hegel.
Dissertatio philosophica de orbitis planetarum,
Ienae MDCCCI.

Plato’sTimæus: the “Soul of the World” :

“16 enim pro 8 quem legimus ponere liceat”
3
√

x4 andponamus3
√

3 for 1

1.4 2.56 4.37 6.34 18.75 40.34 81

“inter quartum et quintum locum magnum esse spatium”

Philosophical “proof” thatNO PLANET IS MISSING!!

Sehen Sie sich doch nur bei den heutigen Philosophen um, bei
Schelling, Hegel, Nees von Esenbeck und Consorten, stehen
Ihnen nicht die Haare bei ihren Definitionen zu Berge?

(Brief von Gauss an Schumacher, 1. 11. 1844)
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The Discovery of Piazzi.
On January 1, 1801, the Italian
astronomer Giuseppe Piazzi
discovered in the Taurus constell.
a tiny little spot,
followed its orbit until
the 11th of February,
when illness, bad weather,
and the approaching Sun
interrupted the observations.
He named itCeres Ferdinandea
(Ferdinand is another King’s name).

53.0 54.0 55.0 56.0 57.0

1.0

2.0

3.0

4.0

Piazzi

Longitude

Latitude
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The Discovery of Piazzi.
On January 1, 1801, the Italian
astronomer Giuseppe Piazzi
discovered in the Taurus constell.
a tiny little spot,
followed its orbit until
the 11th of February,
when illness, bad weather,
and the approaching Sun
interrupted the observations.
He named itCeres Ferdinandea
(Ferdinand is another King’s name).

53.0 54.0 55.0 56.0 57.0

1.0
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4.0

Piazzi

Longitude

Latitude

PROBLEM: Find this planet again!!
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1801 Longitude Latitude Longitude Latitude

Jan. 1 530 23
′

06.38
′′

30 06
′

45.16
′′

23 530 44
′

12.46
′′

10 38
′

46.78
′′

2 530 19
′

38.18
′′

30 02
′

26.46
′′

28 540 15
′

18.52
′′

10 21
′

04.92
′′

3 530 16
′

37.70
′′

20 58
′

08.04
′′

30 540 30
′

10.52
′′

10 14
′

14.24
′′

4 530 14
′

21.44
′′

20 53
′

51.98
′′

31 540 38
′

05.58
′′

10 10
′

51.02
′′

10 530 07
′

57.64
′′

20 28
′

53.64
′′

Feb. 1 540 46
′

27.14
′′

10 07
′

34.18
′′

13 530 10
′

05.60
′′

20 16
′

46.08
′′

2 540 55
′

01.52
′′

10 04
′

18.10
′′

14 530 11
′

54.20
′′

20 12
′

54.02
′′

5 550 22
′

45.20
′′

00 54
′

34.54
′′

19 530 26
′

01.98
′′

10 53
′

37.82
′′

8 550 53
′

04.52
′′

00 45
′

08.28
′′

21 530 34
′

22.68
′′

10 46
′

13.06
′′

11 560 26
′

28.20
′′

00 35
′

55.02
′′

22 530 39
′

11.58
′′

10 42
′

28.80
′′

The observations of Piazzi
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Many astronomers took part at thegreat challengeof the
re-discovery (Burckhardt, Olbers, Piazzi).
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Many astronomers took part at thegreat challengeof the
re-discovery (Burckhardt, Olbers, Piazzi).

But a certain, 24 years old,“Dr. Gauss in Braunschweig”
computed a different solution “nach einem eigenthümlichen
Verfahren” and published it the 29th of Sept. 1801.
Still better solution in December 1801:

Sonnenferne ......................................................3260 53
′

50
′′

Ω .......................................................................810 1
′

44
′′

Neigung der Bahn .............................................100 36
′

21
′′

Logarithmus der halben grossen Axe ................0.4414902

Excentricität .....................................................0.0819603
Epoche: 31 Dec. 1800 mittl. helioc. Länge ......770 54

′

29
′′
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′
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′
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′′
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Excentricität .....................................................0.0819603
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The 7th of December 1801, Freiherr von Zach re-discovered
Ceres precisely at the position predicted by Gauss.
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How did Gauss compute his solution?
Gewiss, jeder der die Rechnungen kennt, die die Bestimmung
der Elemente eines Planeten und dann jeder daraus herzuleitende
Ort erfordert, muss es bewundern, wie ein einzelner Mann in so
kurzen Zeiträumen so vielfache mühsame Rechnungen zu
vollenden vermögend war.

(von Zach, März 1805, see GaussWerke6, p. 262)
Published posthumely; Werke vol. 11, pp. 221-252, and vol. 6, p. 199–402.
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All the difficulty stems from the great number of variables:

Elements of orbit

w arg. of perihelion
Ω long. of ascend. node
i inclination of orbit
a semi-major axis
e eccentricity
l0 mean heliocent. long.

(A)
⇐⇒

Heliocentric
coordinates

(
x
y
z

)
(B)
⇐⇒

Geocentric
spherical

coordinates
(

ρ
λ
β

)

The quantities measured are the anglesλ andβ (the distanceρ
is unknown, of course) for several time values, the quantities to
be computed are the elements of the orbit. So we need formulas
for the connecting passages (A) and (B).
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Passage (A).

0 0

A
u v

af

b Pe

r
B

T
u v

a

a Pc

a sin u

ae

For givent, must findu.
Kepler’s second law (‘same times, same areas’)

⇒ A

abπ
=

t

P
. ⇒ nt = u − e sin u, n =

2π

P

(Kepler’s equation) sinceB = a

b
A, B = a

2

2
(u − e sin u).

Kepler’s third law:n2a3 is a known constant.

⇒ (using spherical trigonometry) coordinates(x, y, z).
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Passage (B).For this, we have to know the solar geocentric
coordinates(X,Y, Z) (again by Kepler’s laws, this time applied
to theearth’sorbit) and we obtain the geocentric ecliptic
coordinates of the planet by adding these and taking spherical
coordinates

ξ = x + X = ρ cos β cos λ

ν = y + Y = ρ cos β sin λ

ζ = z + Z = ρ sin β.
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Gauss’ Procedure.At that time, it was “easy” to solve

(
ρ1

λ1

β1

)
,

(
ρ2

λ2

β2

)
(B)
⇒

(
x1

y1

z1

)
,

(
x2

y2

z2

)
(A)
⇒




w
Ω
i
a
e
l0




However,ρ1 andρ2 are unknown!
Gauss: very complicated formula manipulations⇒ compute

(
λ1

β1

)
,

(
λ2

β2

)
(B)
⇒

(
x1

y1

z1

)
,

(
λ2

β2

)
,

(
λ3

β3

)
(B)
⇒

(
x2

y2

z2

)

Thereby, it was advantageous to havet2 exactly in the middle.
Gauss started with the data

Jan. 2, Jan. 22, and Feb. 11.
Recomputed repeatedly by changing dates and data.
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The Method of Least Squares
hat man schon Beobachtungen von 1 oder mehrern Jahren. . ., so
halte ich den Gebrauch der Differential-Änderung, wobei man
eine beliebige Zahl von Beobachtungen zum Grunde legen kann,
für das beste Mittel.

(Gauss,SummarischëUbersicht, publ. 1809)

Ceres rediscovered Dec. 1801;⇒ much more data. Start of use
of the Method of Least Squares; no publication.
1805:LegendrepublishesNouvelles méthodes pour la
determination des orbites des comèteswith appendixméthode
des moindres quarrés.
1809:GausspublishesTheoria motus corporum celestum
containingPrincipium nostrum“which I have made use of since
1795”.

je n’ai jamais appelléprincipium nostrumun principe qu’un
autre avait publié avant moi..

(Legendrein a letter to Gauss, without answer.)– p.17/39



Gauss’ Probabilistic Justif. of the Least Squares Principle.

To explain the idea, we treat a simple problem, i.e., the
approximation of three ‘observations’xi, yi (i = 1, 2, 3) by an
‘orbit’ which is a straight line

y = a + bx ⇒ βi = a + bxi

0

1

2

0

1

2

y1

y2

y3

x1 x2 x3 x1 x2 x3

β1

β2

β3

y1

y2

y3

mesuresyi arerandom samplings.
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Probability for having measuredyi (to a precision of∆y):

P (0 ≤ βi − yi ≤ ∆y) =
e−

(βi−yi)
2

2σ2

σ
√

2π
∆y.

Now, the probability for having measures thethreevalues
y1, y2, y3 (to a precision of∆y) is theproduct,i.e.,

(
∆y

σ
√

2π
)
3

3∏

i=1

e−
(βi−yi)

2

2σ2 = (
∆y

σ
√

2π
)
3
e−

P3
i=1(βi−yi)

2

2σ2 .

We have thenmaximum likelihoodof our result, when this
probability ismaximal,i.e., when the exponent

3∑

i=1

(βi − yi)
2 = min ! = principium nostrum!

– p.19/39



Gauss’ “Normal Equations”.

For our example we have
3∑

i=1

(a + bxi − yi)
2 = min !

Differentiating with respect toa andb we obtain
(

Σ 1 Σxi

Σxi Σx2
i

)(
a
b

)
=

(
Σ yi

Σxiyi

)
(normal equations)

or

ATAα = ATy, A =

(
1 x1

1 x2

1 x3

)
.

Good luck, that theprincipiumwith best probabilistic
justification also leads to the easiest problem, alinear system.
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Further Developments.

• Gaussian elimination. In order to prove the solvability of the
normal equations, Gauss made in 1809 the first clear description
of the elimination algorithm for linear equations.

• Gauss-Newton method. In the same paper, Gauss also explained
hownonlinearleast squares problems are linearized in the
neighbourhood of a first approximate solution, which is then
iteratively refined.

• Laplace’s central limit theorem. In 1809, Laplace published his
central limit theorem, showing thatanyprobability function,
after taking arithmetic means, tends to the normal distribution
for n → ∞. Soon after, he extended this to justify the principle
of least squares for arbitrary probability functions andn → ∞.
A great publication of all these results wasThéorie analytique
des probabilit́esfrom 1812.

– p.21/39



• In 1823, Gauss publishes a second fundamental treatise on least
squares,Theoria combinationis observationum erronibus
minimis obnoxiaein two parts, which contains a new
justification of the least squares principle, independent of the
probability function, which is today called theGauss-Markov
Theorem.

• In 1828, Gauss publishes aSupplementum, which contains
impressive calculations for the geodesic triangulations of the
Netherlands and the country of Hannover.

• Also in 1828, Bessel discovers, originally for the discretecase,
the relation between the least squares idea, the orthogonality
relations, and the Euler-Fourier formulas for the trigonometric
approximation; this discovery, extended by Gram (1883) to the
continuous case, is the basis of theL2 Hilbert space theory of
Fourier series.
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• In 1845, Jacobi publishes his method for solving the normal
equations with the help of successive rotations inR2. These
rotations lead in the 1950ies to Givens’ method for
triangularization and the first stableeigenvalue algorithm.

• In 1900 appears the classical paper of Karl Pearson, which
combines the least squares method with theχ2 distributionand
led to the famousχ2-test for the reliability of hypotheses.

• In 1958 appears Householder’s reflection algorithm, which,by
replacing Givens’ rotations, leads to theQR decomposition, and,
by Golub (1965), became the nowadays standard algorithm for
least squares problems.
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Example: Find the position of the camera!

A photograph (from the Montblanc region)
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k ûk v̂k xk yk zk

1. Col des Grandes Jorasses−0.0480 0.0290 9855 5680 3825
2. Aiguille du Géant −0.0100 0.0305 8170 5020 4013
3. Aig. Blanche de Peuterey 0.0490 0.0285 2885 730 4107
4. Aiguille du Tacul −0.0190 0.0115 8900 7530 3444
5. Petit Rognon 0.0600 −0.0005 5700 7025 3008
6. Aiguille du Moine 0.0125 −0.0270 8980 11120 3412
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Solution of our Problem.
(x̃, ỹ, z̃) the position of the camera’s objective
~a = (a, b, c) the vector from objective to projection plane.
Rotation angleθ.
There are thus seven unknowns to determine.

(x̃, ỹ, z̃)

(x, y, z)

~a

~w

~h

~g(α, β)

(u, v)

Need formulas for(x, y, z) 7→ (u, v).
– p.27/39



Develop Formulas:Orthogonal vectors in the projection plane

~h =
1√

a2+b2

(
b
−a
0

)
, ~g =

1√
(a2+b2)(a2+b2+c2)

( −ac
−bc

a2+b2

)
.

Then, for a given point(x, y, z) we compute a vector~w by

~w = λ ·
(

x − x̃
y − ỹ
z − z̃

)

where the factorλ is determined by〈~w − ~a,~a〉 = 0. Then

α = 〈~w,~h〉 andβ = 〈~w,~g〉 are the coordinates of the projection
point, which are finally rotated byθ:

(
u
v

)
=

(
cos θ − sin θ
sin θ cos θ

)(
α
β

)
.
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Principium Nostrum:
We havethenthe best solution, when these projected points
(uk, vk), for the data(xk, yk, zk), correspond in the best possible
way to the measured data points(ûk, v̂k) of the photograph.
Thus,

6∑

k=1

(
(uk − ûk)

2 + (vk − v̂k)
2
)

= min !

We need:

• A subroutine computingfi = (uk − ûk), fn+i = (vk − v̂k) as
function of the parameters;

• A general code which computes the partial derivatives and the
solution of the normal equations;

• ⇒ Solution: x̃ = 9679 ỹ = 13139 z̃ = 4131.
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Triftgletscher 1948
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Triftgletscher 1948 Triftgletscher 2004
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“Correcting”
Leonardo da Vinci.

Drawing of Leonardo da Vinci (1510, Codex Atlanticus fol. 707r; Bibliotheca

Ambrosiana, Milano)

Is the drawing correct?
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k uk vk

1 5.409 30.691

2 -26.388 6.720

3 -13.259 -30.369

4 26.517 -28.782

5 37.265 8.054

6 2.734 -52.888

7 55.650 -18.639

k uk vk

8 36.865 34.219

9 -25.283 36.394

10 -45.244 -16.728

11 18.814 -55.828

12 48.271 -34.749

13 56.767 0.764

14 46.037 33.043

k uk vk

15 17.609 52.536

16 -17.522 52.122

17 -45.244 31.161

18 -56.768 -2.147

19 -45.433 -35.867

20 -18.198 -56.563

 1

 2

 3  4

 5

 6

 7

 8 9

10

11

12

13

14

1516

17

18

19

20 – p.33/39
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19

20

Left: Drawing of Leonardo da Vinci (1510, Codex Atlanticus fol. 707r; Bibliotheca

Ambrosiana, Milano); right: Leonardo’s vertices and, in grey, the ‘corrected’

drawing (Assyrus Abdullus & Gerhardus Wannerus, linguæ programmatoriæ

Fortranus & Postscriptus, Calculatores SunBlade 100, Universitas Genavæ) – p.34/39



... and for the pleasure of the eye in stereo:
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Leonardo against Verrocchio.
Dispirited is the pupil who does not surpass his master.

(Leonardo’s maxim)

F =
∑

i

(Ax2
i
+ 2Bxiyi + Cy2

i
− Dxi − Eyi − 1)2 = min !

The Baptism of Christfrom 1472:

20 40

20

Le
on

ar
do

F = 3.7

Verrocchio

F = 5.2
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The Hanging Glacier above Grindelwald.

0 5 10 15 20
0

2

4

6

8

10
t 1 =  .0 s 1 = .000
t 2 = 2.0 s 2 = .529
t 3 = 7.0 s 3 =1.936
t 4 =12.0 s 4 =3.598
t 5 =13.0 s 5 =3.977
t 6 =15.0 s 6 =4.802
t 7 =16.0 s 7 =5.219
t 8 =17.0 s 8 =5.667
t 9 =19.0 s 9 =6.669
t10 =20.0 s10 =7.208
t11 =22.0 s11 =8.464

days

meters

(Photo: M. Funk, ETHZ).
Problem: When will the glacier fall down?
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0 5 10 15 20 25
0

2

4

6

8

10

12

14

s0 =  .01
v0 = −.09
a0 = 1.79

t 1 =  .0 s 1 = .000
t 2 = 2.0 s 2 = .529
t 3 = 7.0 s 3 =1.936
t 4 =12.0 s 4 =3.598
t 5 =13.0 s 5 =3.977
t 6 =15.0 s 6 =4.802
t 7 =16.0 s 7 =5.219
t 8 =17.0 s 8 =5.667
t 9 =19.0 s 9 =6.669
t10 =20.0 s10 =7.208
t11 =22.0 s11 =8.464

t∞ =27.25

days

meters

v(t) = v0+
a0

(t∞ − t)n
, s(t) = s0+v0t+a0(

(t∞ − t)1−n − t1−n
∞

n − 1
).

Predicted the ice fall fort∞ = 27.25 = 14th of August at 1 p.m.
Fell 14th of August at 2 a.m.
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