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From Euler to Fourier, MP3 and JPEG

– p.2/58



From Euler to Fourier, MP3 and JPEG

1707 1783

Ph. Henry & G. Wanner
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I. The Quadrature of the Circle.

Mesopotamia 5000 B.C.

Circle= oldest
mathematical figure Papyrus Rhind, Egypt 1650 B.C.

– p.4/58



Papyrus Rhind, Problem 50: Find Area of the Circle !

Papyrus Rhind

d
3

d
3

d
3

Asquare= 81 = 92 Acircle = 81 − 18

= 63 ≈ 82

Result:
Area of circle of diameterd = Area of square of side

8

9
d

Critics: Is only approximation; is it too large? too small? how
precise ??
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Archimedes(≈ 250 B.C.) Greek Rigour and Performance:

n = 6 n = 12 n = 24

Archimedes’ Proposition 3:

d · 310

71
< Perimeter of circle< d · 31

7
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For the proof, Archimedes computed areas and perimeters of
circumscribedandinscribedn-gons forn = 6, 12, 24, 48, 96.

circumscribed inscribedn-gon
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Details of Archimedes’ Computations
(as reconstructed by Ver Eecke 1917)
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Archimedes’ Proposition 2(improving the Rhind papyrus):

Area of circle = d2 · 11

14
(d = diameter)

Proof by Prop. 1 and Prop. 3.

... and what happended the next 1800 years ?
Zu Chongzhi (China 480 A.D.) computed with same method:

d · 3.1415926 < Perimeter of circle< d · 3.1415927

Adriaan van Roomen (1593 A.D.) with same method:

Perimeter of circle= d · 3.1415926535897932

Ludolph van Ceulen (1596) with same method:

Per. of circle= d · 3.14159265358979323846264338327950288

– p.13/58



New Progress: Leibniz(Invention of Calculus,≈ 1675 A.D.)

A BD

C

x ∆x

1

(a)

10

1

C

π
8

(b)

Pythagoras and Thales:CD = 1√
1+x2

andAB = ∆x√
1+x2

. Hence

π

4
=

∫ 1

0

dx

1 + x2
=

∫ 1

0

(1−x2+x4−x6+...) dx = 1−1

3
+

1

5
−1

7
+

1

9
−. . .
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New Challenges: (Jakob Bernoulli 1689)

1+
1

3
+

1

5
+

1

7
+

1

9
+ . . . = ? or 1+

1

2
+

1

3
+

1

4
+

1

5
+ . . . = ?

Answer:both diverge. 1

1

1

2

1

3

1

4

1

5
Triangular Numbers:

= 1, = 3, = 6, = 10, . . .

Theorem:

1 +
1

3
+

1

6
+

1

10
+

1

15
+ . . . = 2 .

Great Challenge: = 1, = 4, = 9, = 16, . . .

1 +
1

4
+

1

9
+

1

16
+

1

25
+ . . . = ?

Here we stop, wait for the arrival of Euler, and return to another
Giant of Greek science ... – p.15/58



II. Measuring Angles. Cl. Ptolemaios(150 A.D.)
Measuring the Universe, Planets, Earth (Γη̂ . . . µετ̺έω):

Ptolemy measured coordinates

of 8000 cities, among ...
– p.16/58



II. Measuring Angles.
Problem.Measure angleα !!

α
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II. Measuring Angles.
Problem.Measure angleα !!

α α

1

1

c

Solution.Put sticks of length 1 (or 60), measure distancec.
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The chord function.Cl. Ptolemaios(150 A.D., printed 1496)

Ptolemaios computed chord ofα ± β using Eucl. III.20 and
“Ptolemy’s Lemma”.
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Ptolemy’s Table of the Chords.(150 A.D., printed 1813)
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Another Part of Ptolemy’s Table.
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Control of Ptolemy’s Table.
0 30 0 31 25
1 0 1 2 50
1 30 1 34 15
2 0 2 5 39
2 30 2 37 4
3 0 3 8 28
3 30 3 39 53
4 0 4 11 17
4 30 4 42 40
5 0 5 14 4
5 30 5 45 27
6 0 6 16 49
6 30 6 48 11
7 0 7 19 33
7 30 7 50 54
8 0 8 22 15
8 30 8 53 35
9 0 9 24 54
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Control.
81 30 78 19 52
82 0 78 43 38
82 30 79 7 17
83 0 79 30 52
83 30 79 54 21
84 0 80 17 44
84 30 80 41 2
85 0 81 4 15
85 30 81 27 22
86 0 81 50 23
86 30 82 13 19
87 0 82 36 9
87 30 82 58 54
88 0 83 21 32
88 30 83 44 5
89 0 84 6 33
89 30 84 28 54
90 0 84 51 10

– p.22/58



The Sine and Cosines (“sinus recto complementari”),
Trigonometric Circle.Regiomontanus(publ. 1533 A.D.)

Around 1464, Regiomontanus computed a table (“SEQVITVR
NVNC EIVSDEM IOANNIS Regiomontani tabula sinuum, per
singula minuta extensa. . .”) giving the sine of all angles at
intervals of 1 minute, with five decimals. – p.23/58



Tentatives to turn Latin text into Formulas:

J.J. Stampioen
(1632)

J. Kresa
( St. Pet., 1720)

cosinum anguli adB fore =
rq − Cc

Ss
r .

sinu crurisAB = S, cosinus eiusdem= C,
sinu crurisBC = s et cosinu= c,
cosinu baseosAC = q, et radio= r;

F.C. Maier
( St. Pet., 1727)
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cosinum anguli adB fore =
rq − Cc

Ss
r .

sinu crurisAB = S, cosinus eiusdem= C,
sinu crurisBC = s et cosinu= c,
cosinu baseosAC = q, et radio= r;

F.C. Maier
( St. Pet., 1727)
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cosinum anguli adB fore =
rq − Cc

Ss
r .

sinu crurisAB = S, cosinus eiusdem= C,
sinu crurisBC = s et cosinu= c,
cosinu baseosAC = q, et radio= r;

F.C. Maier
( St. Pet., 1727)

cos :anguliA =
cos :BC−cos :AB · cos :AC

sAB · sAC
,

posito radio vel sinu toto1.

L. Euler
(E14,1729)
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cosinum anguli adB fore =
rq − Cc

Ss
r .

sinu crurisAB = S, cosinus eiusdem= C,
sinu crurisBC = s et cosinu= c,
cosinu baseosAC = q, et radio= r;

F.C. Maier
( St. Pet., 1727)

cos :anguliA =
cos :BC−cos :AB · cos :AC

sAB · sAC
,

posito radio vel sinu toto1.

L. Euler
(E14,1729)

cos A =
cos a − cos b · cos c

sin b · sin c

L. Euler
(E214,1753)

Handbook
(Washing., 1965)

– p.25/58



. . . and another half of a century later. . .

– p.26/58



“I don’t need to explain further the simplicity and elegance
introduced by the trigonometric formulas and theorems.
Although it is such a simple idea, it required 2000 years to be
discovered.”

(A. v. Braunmühl, Bibl. Math., vol. 1, 1900, p. 73)

“Similarly to Johann Bernoulli, who has turned the logarithms
into analytic functions, I believe to have been the first to
introduce the Sinus and the Tangents of angles into the Calculus,
so that they could be treated as any other quantity with all
operations without obstacles. Even if this seems not to be of
great importance, it can be said that this notation has giventhe
analysis so important tools, that nearly a new field of research
has been created, which the geometers have since then
developped with so much success ...”

(EulerE246, 1754, orig. in Latin)

– p.27/58



“Nearly a new field ...”:
• Theory of Sound Waves (Lagrange1759)
• Secular Perturbations of Planets (Lagrange1770,Leverrier
1846,Einstein1916)
• Fourier series and Theory of Heat (Fourier1807, 1822)
• Electromagnetic Waves (Light, Radio, ...Maxwell 1865)
• Schrödinger Wave Equation (Schrödinger1926)
• Treatment of Sound, Images (FFT, JPEG, MPEG, MP3 ,...)

– p.28/58



III. Mechanics (Dynamics)).
Problem. How moves a mass point attached to springs ?

– p.29/58



III. Mechanics (Dynamics)).
Problem. How moves a mass point attached to springs ?

R. Hooke(1678): Forcef = −K · y.

I. Newton(1687): “Change of movement is proportional to the
acting force” (orig. in Latin); in formulas:

m · v̇ = f ẏ = v .

L. Euler (E15, 1736): Have to solve differential equation

m · ÿ + K · y = 0 or
ddy

dt2
+ k2y = 0 .

Solutions.

y = γe+ikt + δe−ikt or y = α · sin(kt + β) .
– p.29/58



Solution.
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“autem exponentialibus in series conversis”

usei =
√
−1, i2 = −1, i3 = −i, i4 = 1, i5 = i, . . .:

eix = 1 + ix +
(ix)2

2!
+

(ix)3

3!
+

(ix)4

4!
+

(ix)5

5!
+ . . .

= 1 + ix − x2

2!
− i

x3

3!
+

x4

4!
+ i

x5

5!
− . . .

= (1 − x2

2!
+

x4

4!
− + . . .)

︸ ︷︷ ︸
cos x

+i (x − x3

3!
+

x5

5!
− + . . .)

︸ ︷︷ ︸

sin x
= cos x + i sin x.

– p.31/58



Geometric Proof:ex = (1 + x
N

)N , eiy = (1 + iy
N

)N .

0

2

0

2

0

2

0

2
ex

x

w0 =1 w1

x
N

w2

x
N

w3

x
N

w4

x
N

N = 4

ex

x

w0 =1

N = 8

ex

x

w0 =1

N = 16

ex

x

w0 =1

N = 32

0 1

1

0 1

1

0 1

1

0 1

1
eiy

w1iy
N

w2

w3

w4
N = 4

eiy

y

N = 8
eiy

y

N = 16
eiy

y

N = 32

cos y

sin y
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“Basel” Problem: Find value of the series

1 +
1

4
+

1

9
+

1

16
+

1

25
+ . . . = ?

Euler’s audacious ideaE41: (1735):
look at the series forsin s as if it were a polynomial:

sin s = s − s3

1 · 2 · 3 +
s5

1 · 2 · 3 · 4 · 5 − . . .

−2π −π 0 π 2π 3π

Roots: 0,±π,±2π,±3π, . . .

– p.33/58



“Basel” Problem: cont’d.

s − s3

1 · 2 · 3 +
s5

1 · 2 · 3 · 4 · 5 − . . .

divide bys:

1 − s2

1 · 2 · 3 +
s4

1 · 2 · 3 · 4 · 5 − . . .

−2π −π π 2π 3π

Roots: ± π,±2π,±3π, . . .

– p.34/58



“Basel” Problem: cont’d.

1 − s2

1 · 2 · 3 +
s4

1 · 2 · 3 · 4 · 5 − . . .

replaces2 by t:

1 − t

1 · 2 · 3 +
t2

1 · 2 · 3 · 4 · 5 − . . .

π2 4π2

Roots: π2, 4π2, 9π2, . . .
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“Basel” Problem: cont’d.

1 − t

1 · 2 · 3 +
t2

1 · 2 · 3 · 4 · 5 − . . .

replacet by
1

x
, multiply by xN :

xN − xN−1

1 · 2 · 3 +
xN−2

1 · 2 · 3 · 4 · 5 − . . .

1

π2

1

4π2

1

9π2

Roots:
1

π2
,

1

4π2
,

1

9π2
, . . .

– p.36/58



xN − xN−1

1 · 2 · 3 +
xN−2

1 · 2 · 3 · 4 · 5 − . . .

Back to first year algebra:The polynomial

p = xN − αxN−1 + βxN−2 − γxN−3 + . . .

⇒ α = x1 + x2 + x3 + . . . (Viète)
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The break-through E41: (1735)
“One of Euler’s most sensational early discoveries, perhaps the

one which established his growing reputation most firmly, was

his summation of the series
∑

∞

1
n−2 (...). This was a famous

problem, first formulated by P. Mengoli in 1650 ; it had resisted

the efforts of all earlier analysts, including Leibniz and the

Bernoullis.” (A. Weil,Number theory, 1984, p. 184)

xN − xN−1

1 · 2 · 3 +
xN−2

1 · 2 · 3 · 4 · 5 − . . .

has “roots”
1

π2
,

1

4π2
,

1

9π2
, . . .. Hence, byViète,

1

π2
+

1

4π2
+

1

9π2
+ . . . =

1

6
or 1 +

1

4
+

1

9
+

1

16
. . . =

π2

6
.
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Back to Mechanics:Theory of Sound (Lagrange 1759)

U1 U2 U3 U4 U5 U6 U7 U8 U9

Principle of Mechanics:
d2Ui

dt2
= K ·((Ui−1−Ui)+(Ui+1−Ui)) = K ·(Ui−1−2Ui+Ui+1)

When number of particles→ ∞:
∂2u

∂t2
= a2 ∂2u

∂x2
(famouswave equation).

– p.39/58



Back to Mechanics:Theory of Sound (Lagrange 1759)

U1 U2 U3 U4 U5 U6 U7 U8 U9

Principle of Mechanics:
d2Ui

dt2
= K ·((Ui−1−Ui)+(Ui+1−Ui)) = K ·(Ui−1−2Ui+Ui+1)

When number of particles→ ∞:
∂2u

∂t2
= a2 ∂2u

∂x2
(famouswave equation).

Solution (remember:y′′ + k2y = 0 ⇒ y = sin(kx)):

∂2u

∂t2︸︷︷︸

−a2k2u

= a2 ∂2u

∂x2
︸︷︷︸

−k2u

⇒ u = sin(kx) · sin(akt) .

– p.39/58



Solutions
k = 1
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Solutions
k = 2
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Solutions
k = 3
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Produced Sound ⇒ Fourier Transform

Sound fork = 1, 2, 3 and sum Spectrum

b1 sin t

b2 sin 2t

b3 sin 3t

b1 sin t + b2 sin 2t + b3 sin 3t

1 2 3

1 2 3

1 2 3

1 2 3
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Euler’s works on “Fourier Series” E246, E464, E555, E704:

z − az2 + a2z3 − a3z4 + . . . =
z

1 + az

(geometric series,|a| < 1). Insertz = eiϕ and take real part:

cos ϕ−a cos 2ϕ+a2 cos 3ϕ−a3 cos 4ϕ+. . . =
cos ϕ + a

1 + 2a cos ϕ + a2

0 2 4

−2

−1

n = 1n = 1

n = 24n = 24ππ

a = 0.9
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Euler then sets brutallya = 1 and writes (nonsense??)

cos ϕ − cos 2ϕ + cos 3ϕ − cos 4ϕ + . . . =
1

2
.

0 2 4

−2

−1

n = 1n = 1

n = 24n = 24ππ

a = 1
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Euler then sets brutallya = 1 and writes (nonsense??)

cos ϕ − cos 2ϕ + cos 3ϕ − cos 4ϕ + . . . =
1

2
.

0 2 4

−2

−1

n = 1n = 1

n = 24n = 24ππ

a = 1

0 1 2 3 4 5 6 7

−2

−1

1

2

n = 1n = 1
22 33

n = 24n = 24

a = 1., integrated curve

He integrates this formula and obtains

sin ϕ − 1

2
sin 2ϕ +

1

3
sin 3ϕ − 1

4
sin 4ϕ + . . . =

ϕ

2

... and the “nonsense” maks again “sense”, two centuries later,
in the “sense of distributions”.
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sin ϕ − 1

2
sin 2ϕ +

1

3
sin 3ϕ − 1

4
sin 4ϕ + . . . =

ϕ

2

0 1 2 3 4 5 6 7

−2

−1

1

2

n = 1n = 1
22 33

n = 24n = 24

a = 1., integrated curve
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sin ϕ − 1

2
sin 2ϕ +

1

3
sin 3ϕ − 1

4
sin 4ϕ + . . . =

ϕ

2

0 1 2 3 4 5 6 7

−2

−1

1

2

n = 1n = 1
22 33

n = 24n = 24

a = 1., integrated curve

0 2 4

−1

n = 12n = 12

a = 1., 2 times integrated

He integrates once more to have

cos ϕ − 1

4
cos 2ϕ +

1

9
cos 3ϕ − 1

16
cos 4ϕ + . . . = α − ϕ2

4
.

New acces toBasel problem(ϕ = 0) .
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Problem. Given data (functionΦ(ϕ)), find b1, b2, b3, . . ..

Example.

0 1
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Problem. Given data (functionΦ(ϕ)), find b1, b2, b3, . . ..

After decades of calculations (Lagrange on sound, Euler on
planetary motion,E703), 70 years old Euler has one of his
GREAT ideas (E704from 1777, publ. 1798):

Multiply seriesΦ(ϕ) = b1 sin ϕ + b2 sin 2ϕ + b3 sin 3ϕ + . . . by
sin kϕ, integrate from0 to π, and use orthogonality to obtain

bk =
2

π

∫ π

0

sin kϕ · Φ(ϕ) dϕ .

0 1

n = 1n = 1

n = 3n = 3

n = 7n = 7 n = 24

0 10 20
– p.48/58



Why is it called Fourier ? Theory of Heat (1807, 1822):

Question: How develops heat?
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Why is it called Fourier ? Theory of Heat (1807, 1822):

Question: How develops heat?
Ui−1 Ui Ui+1I. Newton:

dUi

dt
= K ·((Ui−1−Ui)+(Ui+1−Ui)) = K ·(Ui−1−2Ui +Ui+1)

When number of particles→ ∞:
∂u

∂t
= a2 ∂2u

∂x2
(Fourier’sheat equation).

– p.49/58



Why is it called Fourier ? Theory of Heat (1807, 1822):

Question: How develops heat?
Ui−1 Ui Ui+1I. Newton:

dUi

dt
= K ·((Ui−1−Ui)+(Ui+1−Ui)) = K ·(Ui−1−2Ui +Ui+1)

When number of particles→ ∞:
∂u

∂t
= a2 ∂2u

∂x2
(Fourier’sheat equation).

Solution:
∂u

∂t︸︷︷︸

−a2k2u

= a2 ∂2u

∂x2
︸︷︷︸

−k2u

(as above)⇒ u =
∑

k

bk sin(kx)·e−a2k2t .
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Computed Solution:
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Principle of data compression (MP3). (Kh. Brandenburg)

0 100 200 300 400 500 600 700 800 900 10000

100

200 data eeee

0 50 100 150
10−1

100

101 spectrum

0 50 100 150
10−1

100

101 compression

0 100 200 300 400 500 600 700 800 900 10000

100

200 decoding
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• Converting sound samples to frequency data is the single
most common task of all DSP chips.

• CDs encode sound as linear PCM (pulse code modulation),
hence, not compressed [1981 technology] !

• Transferring CD tracks to something like an Apple iPod
(portable music device) will compress the results from the FFT
data.

• Audio tracks on DVDs use a similar process, compressing
sound frequency data.

(Thanks to Kyle Granger for these informations).
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Principle of data smoothing, denoising.

0 100 200 300 400 500 600 700 800 900 10000

100

200 data eeee

0 50 100 150
10−1

100

101 spectrum

0 50 100 150
10−1

100

101 compression

0 100 200 300 400 500 600 700 800 900 10000

100

200 decoding

low frequencies

high frequencies
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Principle of data smoothing, denoising.

0 100 200 300 400 500 600 700 800 900 10000

100

200 data eeee

0 50 100 150
10−1

100

101 spectrum

0 50 100 150
10−1

100

101 smoothing spectrum

0 100 200 300 400 500 600 700 800 900 10000

100

200 smoothed data
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Principle of JPEG data compression.

any photograph

is cut into pieces

of 8 × 8 pixel

⇒
and each piece is

treated individually

“Sound” is now two-dim.!⇒ one-dim. basecos kπx
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transform into two-dimensional base... cos kπx · cos ℓπy:
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stages of reconstruction of image :
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Animations :

1. Sound transmission (animation byGilles Vilmart);

2. Sound analysis byAmadeus II(program byMartin Hairer).
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