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*QQ`/QMMû2b #�`v+2Mi`B[m2b 2i ?vT2`#QH2 /2 EB2T2`i
�H2t�M/`2 CmMQ/- Gv+û2 .2MBb@/2@_Qm;2KQMi UL2m+?�i2HV- �H2t�M/`2XDmMQ/!`TMX+?

lM i`B�M;H2 7Qm`MBi /2 MQK#`2mt ǳTQBMib `2K�`[m�#H2bǴ U*H�`F EBK#2`HBM; 2M � `ûT2`iQ`Bû THmb /2
jyǶyyy /�Mb mM2 HBbi2VX "2�m+QmT /Ƕ2Mi`2 2mt bQMi Q#i2Mmb T�` /2b BMi2`b2+iBQMb /2 /`QBi2b U+2Mi`2 /2
;`�pBiû- Q`i?Q+2Mi`2- +2Mi`2b /2b +2`+H2b BMb+`Bi 2i +B`+QMb+`Bi-ĘV [mB T2mp2Mi /û+QmH2` /2 TQHv;QM2b
�mtBHB�B`2b +QMbi`mBib bm` H2b +Ƭiûb /m i`B�M;H2 UTQBMib /2 L�TQHûQM- 62`K�i- o2+i2M-ĘVX LQmb �pQMb
T`ûb2Miû +2`i�BMb /2 +2b /2`MB2`b TQBMib /�Mb H2 #mHH2iBM M◦RjN Uǳ:ûQKûi`B2 2i MQK#`2b +QKTH2t2bǴV 2i
+2i �`iB+H2 2bi Mû �}M /2 ;ûMû`�HBb2` H� +QMbi`m+iBQM 7�Bi2 bm` H2b +Ƭiûb /ǶmM i`B�M;H2X *2+B MQmb KĕM2 ¨
HǶ?vT2`#QH2 /2 EB2T2`i 2i MQmb HǶ�#Q`/2`QMb �p2+ H� MQiBQM /2 +QQ`/QMMû2b #�`v+2Mi`B[m2bX

R *QQ`/QMMû2b #�`v+2Mi`B[m2b

.�Mb H2 TH�M 2m+HB/B2M- QM +QMbB/ĕ`2 mM i`B�M;H2 ABC 2i mM TQBMi [m2H+QM[m2 P X
RV AH 2tBbi2 �HQ`b /2 K�MBĕ`2 mMB[m2 /2b MQK#`2b x- y 2i z /QMi H� bQKK2 p�mi R 2i i2Hb [m2
−−→
OP = x

−→
OA+ y

−−→
OB + z

−−→
OCX *2 bQMi H2b +QQ`/QMMû2b #�`v+2Mi`B[m2b /2 P 2i QM MQi2 P [x; y; z]X

kV G� /`QBi2 T�bb�Mi T�` P1[x1; y1; z1] 2i P2[x2; y2; z2] 2bi +QMbiBimû2 /2b TQBMib P [x; y; z] i2Hb [m2
det(
−−→
OP1;

−−→
OP2;

−−→
OP ) = 0- H2b i`QBb p2+i2m`b ûi�Mi 2tT`BKûb �p2+ H2m`b +QKTQb�Mi2b #�`v+2Mi`B[m2bX

S`2mp2X 1tT`BK�Mi H2 p2+i2m` −→AP /�Mb H� #�b2 〈−−→AB;
−→
AC〉- QM T2mi i`Qmp2` /2mt MQK#`2b mMB[m2b y

2i z i2Hb [m2 −→AP = y
−−→
AB + z

−→
ACX PM /ûKQMi`2 �HQ`b H� T`2KBĕ`2 �{`K�iBQM 2M miBHBb�Mi H� `2H�iBQM /2

*?�bH2bX SQm` H� /2mtBĕK2 �{`K�iBQM- QM T2mi bBKTHB}2` H2 /ûi2`KBM�Mi 2M �DQmi�Mi H2b /2mt /2`MBĕ`2b
HB;M2b ¨ H� T`2KBĕ`2 TmBb 2M bQmbi`�v�Mi H� T`2KBĕ`2 +QHQMM2 �mt /2mt �mi`2b ,

d =

∣∣∣∣∣∣

x1 x2 x
y1 y2 y
z1 z2 z

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1 1 1
y1 y2 y
z1 z2 z

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1 0 0
y1 y2 − y1 y − y1
z1 z2 − z1 z − z1

∣∣∣∣∣∣
=

∣∣∣∣
y2 − y1 y − y1
z2 − z1 z − z1

∣∣∣∣

*QKK2 y 2i z bQMi H2b +QKTQb�Mi2b /m p2+i2m` −→AP /�Mb H� #�b2 〈−−→AB;
−→
AC〉- QM Q#iB2Mi bBKTH2K2Mi

d = det(
−−→
AP2 −

−−→
AP1;

−→
AP −−−→AP1) = det(

−−−→
P1P2;

−−→
P1P )X .B`2 [m2 +2 /ûi2`KBM�Mi 2bi MmH `2pB2Mi ¨ /B`2 [m2

H2b p2+i2m`b −−−→P1P2 2i −−→P1P bQMi T`QTQ`iBQMM2Hb 2i /QM+ [m2 P 2bi �HB;Mû �p2+ P1 2i P2X !

LQmb +QMbB/û`QMb mM i`B�M;H2 ABC 2i �/QTiQMb H2b MQi�iBQMb mbm2HH2b TQm` H� HQM;m2m` /2b +Ƭiûb Ua-
b 2i cV 2i H� K2bm`2 /2b �M;H2b Uα- β 2i γVX LQmb MQiQMb P [x; y; z] KāK2 HQ`b[m2 H� bQKK2 x + y + z
UbmTTQbû2 MQM MmHH2V M2 p�mi T�b R- 2M +QMp2M�Mi [m2 H2b +QQ`/QMMû2b #�`v+2Mi`B[m2b /2 P /QBp2Mi
�HQ`b āi`2 MQ`K�HBbû2b U+2H� MǶ� �m+mM2 BM+B/2M+2 bm` HǶû[m�iBQM #�`v+2Mi`B[m2 /ǶmM2 /`QBi2 /QMMû2 T�`
/2mt TQBMibVX S�` 2t2KTH2- bB QM KmHiBTHB2 +?�[m2 +QKTQb�Mi2 /ǶmM TQBMi P [a · (· · · ); b · (· · · ); c · (· · · )]
T�` sinα

a

(
= sinβ

b = sin γ
c

)
- QM T2mi û;�H2K2Mi û+`B`2 P [sin(α) · (· · · ); sin(β) · (· · · ); sin(γ) · (· · · )]X

.�Mb H2b `�BbQMM2K2Mib [mB bmBp2Mi- QM T2mi ûi�#HB` H2b û[m�iBQMb #�`v+2Mi`B[m2b /2b /`QBi2b 2M /ûp2@
HQTT�Mi mM /ûi2`KBM�Mi Qm b2 +QMi2Mi2` /2 pû`B}2` [m2 H2b /`QBi2b BM/B[mû2b T�bb2Mi #B2M T�` H2b TQBMib
/QMMûb T�` H2m`b +QQ`/QMMû2b #�`v+2Mi`B[m2bX
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R *QQ`/QMMû2b #�`v+2Mi`B[m2b

.�Mb H2 TH�M 2m+HB/B2M- QM +QMbB/ĕ`2 mM i`B�M;H2 ABC 2i mM TQBMi [m2H+QM[m2 P X
RV AH 2tBbi2 �HQ`b /2 K�MBĕ`2 mMB[m2 /2b MQK#`2b x- y 2i z /QMi H� bQKK2 p�mi R 2i i2Hb [m2
−−→
OP = x
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−−→
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−−→
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−−→
OP1;

−−→
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−−→
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S`2mp2X 1tT`BK�Mi H2 p2+i2m` −→AP /�Mb H� #�b2 〈−−→AB;
−→
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−−→
AB + z
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d =

∣∣∣∣∣∣

x1 x2 x
y1 y2 y
z1 z2 z

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1 1 1
y1 y2 y
z1 z2 z

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1 0 0
y1 y2 − y1 y − y1
z1 z2 − z1 z − z1

∣∣∣∣∣∣
=

∣∣∣∣
y2 − y1 y − y1
z2 − z1 z − z1

∣∣∣∣

*QKK2 y 2i z bQMi H2b +QKTQb�Mi2b /m p2+i2m` −→AP /�Mb H� #�b2 〈−−→AB;
−→
AC〉- QM Q#iB2Mi bBKTH2K2Mi

d = det(
−−→
AP2 −

−−→
AP1;

−→
AP −−−→AP1) = det(

−−−→
P1P2;

−−→
P1P )X .B`2 [m2 +2 /ûi2`KBM�Mi 2bi MmH `2pB2Mi ¨ /B`2 [m2

H2b p2+i2m`b −−−→P1P2 2i −−→P1P bQMi T`QTQ`iBQMM2Hb 2i /QM+ [m2 P 2bi �HB;Mû �p2+ P1 2i P2X !
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b 2i cV 2i H� K2bm`2 /2b �M;H2b Uα- β 2i γVX LQmb MQiQMb P [x; y; z] KāK2 HQ`b[m2 H� bQKK2 x + y + z
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/2mt TQBMibVX S�` 2t2KTH2- bB QM KmHiBTHB2 +?�[m2 +QKTQb�Mi2 /ǶmM TQBMi P [a · (· · · ); b · (· · · ); c · (· · · )]
T�` sinα

a

(
= sinβ

b = sin γ
c

)
- QM T2mi û;�H2K2Mi û+`B`2 P [sin(α) · (· · · ); sin(β) · (· · · ); sin(γ) · (· · · )]X

.�Mb H2b `�BbQMM2K2Mib [mB bmBp2Mi- QM T2mi ûi�#HB` H2b û[m�iBQMb #�`v+2Mi`B[m2b /2b /`QBi2b 2M /ûp2@
HQTT�Mi mM /ûi2`KBM�Mi Qm b2 +QMi2Mi2` /2 pû`B}2` [m2 H2b /`QBi2b BM/B[mû2b T�bb2Mi #B2M T�` H2b TQBMib
/QMMûb T�` H2m`b +QQ`/QMMû2b #�`v+2Mi`B[m2bX

k Jû/B�M2b 2i +2Mi`2 /2 ;`�pBiû

PM � A[1; 0; 0] 2i H2 KBHB2m /m +Ƭiû BC 2bi MBC
[
0; 1; 1

]
X G� /`QBi2 mA

T�bb�Mi T�` A 2i MBC � �BMbB HǶû[m�iBQM #�`v+2Mi`B[m2 y = zX S�`
T2`Kmi�iBQM +B`+mH�B`2- QM i`Qmp2 H2b û[m�iBQMb /2b �mi`2b Kû/B�M2b ,
z = x TQm` mB 2i x = y TQm` mC X G2b i`QBb Kû/B�M2b b2 +QmT2Mi
HQ`b[m2 x = y = z- /QM+ �m TQBMi G

[
1; 1; 1

]
X A B

C

MBC

mA

j >�mi2m`b 2i Q`i?Q+2Mi`2

G2 TB2/ /2 H� ?�mi2m` Bbbm2 /m bQKK2i A 2bi H2 TQBMi HA /û}MB T�`
H� `2H�iBQM p2+iQ`B2HH2

−−−→
OHA =

−−→
OB +

c cosβ

a

−−→
BC =

−−→
OB +

c cosβ

a
(
−−→
OC −−−→OB)

=

(
1− c cosβ

a

)
−−→
OB +

(
c cosβ

a

)
−−→
OC A B

C hA

HA

β

c · cosβ

2i +QKK2 a− c cosβ = b cos γ- QM � HA

[
0;

b cos γ

a
;
c cosβ

a

]
Qm HA [0; b cos γ; c cosβ]X

G� /`QBi2 hA T�bb�Mi T�` A[1; 0; 0] 2i HA [0; b cos γ; c cosβ] �/K2i HǶû[m�iBQM b cos(γ)z = c cos(β)yX S�`
T2`Kmi�iBQM +B`+mH�B`2- QM i`Qmp2 H2b û[m�iBQMb c cos(α)x = a cos(γ)z TQm` hB 2i a cos(β)y = b cos(α)x
TQm` hC X *2b i`QBb ?�mi2m`b b2 +QmT2Mi 2M H[a cos(β) cos(γ); b cos(α) cos(γ); c cos(α) cos(β)]X

9 "Bbb2+i`B+2b 2i +2Mi`2 /m +2`+H2 BMb+`Bi

G� #Bbb2+i`B+2 BMiû`B2m`2 bA �m bQKK2i A[1; 0; 0] T�bb2 û;�H2K2Mi T�`
H2 TQBMi A′ /û}MB T�` H� `2H�iBQM

−−→
OA′ =

−→
OA + 1

c

−−→
AB + 1

b

−→
AC- /QM+

A′
[
1 − 1

b −
1
c ;

1
c ;

1
b

]
X aQM û[m�iBQM #�`v+2Mi`B[m2 2bi z

c = y
b 2i T�`

T2`Kmi�iBQM +B`+mH�B`2- QM i`Qmp2 H2b û[m�iBQMb x
a = z

c TQm` bB 2i
y
b = x

a TQm` bC X *2b i`QBb #Bbb2+i`B+2b b2 +QmT2Mi 2M I[a; b; c]X A B

C

bA

A′

8 Jû/B�i`B+2b 2i +2Mi`2 /m +2`+H2 +B`+QMb+`Bi
G� Kû/B�i`B+2 mBC /m b2;K2Mi BC T�bb2 T�` MBC [0; 1; 1] 2i H2 TQBMi
A′ /û}MB T�` H� `2H�iBQM p2+iQ`B2HH2

−−→
OA′ =

−−−−→
OMBC +

−−−→
HAA =

1

2




0
1
1



+




1
0
0



− 1

a




0

b cos γ
c cosβ



,

/QM+ A′
[
1;

1

2
− b cos γ

a
;
1

2
− c cosβ

a

]
X

A B

C mBC

HA

MBC

A′

PM i`Qmp2 �HQ`b TQm` mBC HǶû[m�iBQM #�`v+2Mi`B[m2 a(y − z) = x(c cosβ − b cos γ)- /QM+

a cosα(y − z) = x(c cosα cosβ − b cosα cos γ)
= x((b− a cos γ) cosβ − (c− a cosβ) cos γ)
= x(b cosβ − c cos γ)
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2i H� Kû/B�i`B+2 mBC +QMiB2Mi Ω[a cos(α); b cos(β); c cos(γ)]X *2 TQBMi b2 i`Qmp2 û;�H2K2Mi bm` H2b /2mt
�mi`2b Kû/B�i`B+2b /QMi H2b û[m�iBQMb bQMi Q#i2Mm2b T�` T2`Kmi�iBQM +B`+mH�B`2X _2K�`[mQMb [m2 HǶQM
T2mi �mbbB û+`B`2 Ω[sin(α) cos(α); sin(β) cos(β); sin(γ) cos(γ)] Qm Ω[sin(2α); sin(2β); sin(2γ)]X

e *QMDm;mû BbQ;QM�H

1i�Mi /QMMû mM i`B�M;H2 ABC 2i mM TQBMi P - QM T2mi +QMbi`mB`2 H2 bvKûi`B[m2 /2 H� /`QBi2 AP T�`
`�TTQ`i ¨ H� #Bbb2+i`B+2 BMiû`B2m`2 /m i`B�M;H2 Bbbm2 /m bQKK2i AX PM MQi2 sAP H� /`QBi2 Q#i2Mm2 2i QM
+QMbi`mBi /2 K�MBĕ`2 �M�HQ;m2 H2b /`QBi2b sBP 2i sCP X aB P M2 b2 i`Qmp2 T�b bm` H2 +2`+H2 +B`+QMb+`Bi
/m i`B�M;H2 ABC- �HQ`b +2b i`QBb /`QBi2b b2 +QmT2Mi 2M mM TQBMi P �TT2Hû +QMDm;mû BbQ;QM�H /2 P X

S`2mp2X *QMbB/û`QMb P [x0; y0; z0] �p2+ x0 + y0 + z0 = sX PM � �HQ`b

−→
AP =

y0
s

−−→
AB +

z0
s

−→
AC =

c · y0
s

−−→
AB

c
+

b · z0
s

−→
AC

b

2i H2 TQBMi P ′ bvKûi`B[m2 /2 P T�` `�TTQ`i ¨ H� #Bbb2+i`B+2 bA pû`B}2

−−→
AP ′ =

b · z0
s

−−→
AB

c
+

c · y0
s

−→
AC

b
=

b · z0
c · s
−−→
AB +

c · y0
b · s
−→
AC,

sAP

PP ′

A

B

CbA

/QM+ P ′[. . . ; bz0cs ;
cy0
bs ] Qm P ′[. . . ; b2z0; c2y0]X G� /`QBi2 sAP T�bb�Mi T�` A[1; 0; 0] 2i P ′ �/K2i HǶû[m�iBQM

#�`v+2Mi`B[m2 b2z0z = c2y0yX S�` T2`Kmi�iBQM +B`+mH�B`2- QM i`Qmp2 H2b û[m�iBQMb c2x0x = a2z0z 2i
a2y0y = b2y0y TQm` sBP 2i sCP X *2b i`QBb /`QBi2b b2 +QmT2Mi 2M P [a2y0z0; b2x0z0; c2x0y0]X lM T`Q#HĕK2
bm`pB2Mi HQ`b[m2 H� bQKK2 /2b +QKTQb�Mi2b #�`v+2Mi`B[m2b /2 P 2bi MmHH2- +Ƕ2bi@¨@/B`2 HQ`b[m2 H2 TQBMi
P b2 i`Qmp2 bm` H2 +2`+H2 +B`+QMb+`Bi U/QMi HǶû[m�iBQM #�`v+2Mi`B[m2 2bi �/KBb2VX !

1t2KTH2b

@ G2 +QMDm;mû BbQ;QM�H /m +2Mi`2 /2 ;`�pBiû G[1; 1; 1] 2bi G[a2; b2; c2]- �TT2Hû TQBMi /2 G2KQBM2X *Ƕ2bi
HǶBMi2`b2+iBQM /2b ǳbvKû/B�M2bǴ- /`QBi2b bvKûi`B[m2b /2b Kû/B�M2b T�` `�TTQ`i �mt #Bbb2+i`B+2b
BMiû`B2m`2bX PM T2mi �mbbB û+`B`2 G[a sin(α); b sin(β); c sin(γ)] Qm G[(sinα)2; (sinβ)2; (sin γ)2]X

@ G2 +2Mi`2 /m +2`+H2 BMb+`Bi 2bi bQM T`QT`2 +QMDm;mû BbQ;QM�HX
@ GǶQ`i?Q+2Mi`2 2i H2 +2Mi`2 /m +2`+H2 +B`+QMb+`Bi bQMi +QMDm;mûb BbQ;QM�mt `û+BT`Q[m2bX
@ G� +QMDm;m�BbQM BbQ;QM�H2 2bi mM2 BMpQHmiBQM , P = P bB P MǶ2bi MB bm` H2 +2`+H2 +B`+QMb+`Bi MB

�HB;Mû �p2+ /2mt bQKK2ib /m i`B�M;H2X

d >vT2`#QH2 /2 EB2T2`i

PM +QMbi`mBi i`QBb i`B�M;H2b BbQ+ĕH2b 2ti2`M2b UQm BMi2`M2bV
b2K#H�#H2b bm` H2b +Ƭiûb /ǶmM i`B�M;H2 ABC 2i QM MQi2 A′

U`2bTX B′ 2i C ′V H2 MQmp2�m bQKK2i /m i`B�M;H2 BbQ+ĕH2 /2 #�b2
BC U`2bTX CA 2i ABVX LQmb �HHQMb KQMi`2` [m2 H2b /`QBi2b
AA′- BB′ 2i CC ′ bQMi +QM+Qm`�Mi2bX

A B

C

MBC

A′

B′

C ′

HA

ϕ

S`2mp2X PM TQb2 λ = tan(ϕ) 2i QM +QMbB/ĕ`2 H2 TQBMi MBC - KBHB2m /m +Ƭiû BC- �BMbB [m2 H2 TQBMi
HA- TB2/ /2 H� ?�mi2m` Bbbm2 /m bQKK2i AX G2b p2+i2m`b

−−−−−→
MBCA′ 2i −−−→AHA bQMi +QHBMû�B`2b- /2 MQ`K2b
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2i H� Kû/B�i`B+2 mBC +QMiB2Mi Ω[a cos(α); b cos(β); c cos(γ)]X *2 TQBMi b2 i`Qmp2 û;�H2K2Mi bm` H2b /2mt
�mi`2b Kû/B�i`B+2b /QMi H2b û[m�iBQMb bQMi Q#i2Mm2b T�` T2`Kmi�iBQM +B`+mH�B`2X _2K�`[mQMb [m2 HǶQM
T2mi �mbbB û+`B`2 Ω[sin(α) cos(α); sin(β) cos(β); sin(γ) cos(γ)] Qm Ω[sin(2α); sin(2β); sin(2γ)]X

e *QMDm;mû BbQ;QM�H

1i�Mi /QMMû mM i`B�M;H2 ABC 2i mM TQBMi P - QM T2mi +QMbi`mB`2 H2 bvKûi`B[m2 /2 H� /`QBi2 AP T�`
`�TTQ`i ¨ H� #Bbb2+i`B+2 BMiû`B2m`2 /m i`B�M;H2 Bbbm2 /m bQKK2i AX PM MQi2 sAP H� /`QBi2 Q#i2Mm2 2i QM
+QMbi`mBi /2 K�MBĕ`2 �M�HQ;m2 H2b /`QBi2b sBP 2i sCP X aB P M2 b2 i`Qmp2 T�b bm` H2 +2`+H2 +B`+QMb+`Bi
/m i`B�M;H2 ABC- �HQ`b +2b i`QBb /`QBi2b b2 +QmT2Mi 2M mM TQBMi P �TT2Hû +QMDm;mû BbQ;QM�H /2 P X

S`2mp2X *QMbB/û`QMb P [x0; y0; z0] �p2+ x0 + y0 + z0 = sX PM � �HQ`b

−→
AP =

y0
s

−−→
AB +

z0
s

−→
AC =

c · y0
s

−−→
AB

c
+

b · z0
s

−→
AC

b

2i H2 TQBMi P ′ bvKûi`B[m2 /2 P T�` `�TTQ`i ¨ H� #Bbb2+i`B+2 bA pû`B}2

−−→
AP ′ =

b · z0
s

−−→
AB

c
+

c · y0
s

−→
AC

b
=

b · z0
c · s
−−→
AB +

c · y0
b · s
−→
AC,

sAP

PP ′

A

B

CbA

/QM+ P ′[. . . ; bz0cs ;
cy0
bs ] Qm P ′[. . . ; b2z0; c2y0]X G� /`QBi2 sAP T�bb�Mi T�` A[1; 0; 0] 2i P ′ �/K2i HǶû[m�iBQM

#�`v+2Mi`B[m2 b2z0z = c2y0yX S�` T2`Kmi�iBQM +B`+mH�B`2- QM i`Qmp2 H2b û[m�iBQMb c2x0x = a2z0z 2i
a2y0y = b2y0y TQm` sBP 2i sCP X *2b i`QBb /`QBi2b b2 +QmT2Mi 2M P [a2y0z0; b2x0z0; c2x0y0]X lM T`Q#HĕK2
bm`pB2Mi HQ`b[m2 H� bQKK2 /2b +QKTQb�Mi2b #�`v+2Mi`B[m2b /2 P 2bi MmHH2- +Ƕ2bi@¨@/B`2 HQ`b[m2 H2 TQBMi
P b2 i`Qmp2 bm` H2 +2`+H2 +B`+QMb+`Bi U/QMi HǶû[m�iBQM #�`v+2Mi`B[m2 2bi �/KBb2VX !

1t2KTH2b

@ G2 +QMDm;mû BbQ;QM�H /m +2Mi`2 /2 ;`�pBiû G[1; 1; 1] 2bi G[a2; b2; c2]- �TT2Hû TQBMi /2 G2KQBM2X *Ƕ2bi
HǶBMi2`b2+iBQM /2b ǳbvKû/B�M2bǴ- /`QBi2b bvKûi`B[m2b /2b Kû/B�M2b T�` `�TTQ`i �mt #Bbb2+i`B+2b
BMiû`B2m`2bX PM T2mi �mbbB û+`B`2 G[a sin(α); b sin(β); c sin(γ)] Qm G[(sinα)2; (sinβ)2; (sin γ)2]X

@ G2 +2Mi`2 /m +2`+H2 BMb+`Bi 2bi bQM T`QT`2 +QMDm;mû BbQ;QM�HX
@ GǶQ`i?Q+2Mi`2 2i H2 +2Mi`2 /m +2`+H2 +B`+QMb+`Bi bQMi +QMDm;mûb BbQ;QM�mt `û+BT`Q[m2bX
@ G� +QMDm;m�BbQM BbQ;QM�H2 2bi mM2 BMpQHmiBQM , P = P bB P MǶ2bi MB bm` H2 +2`+H2 +B`+QMb+`Bi MB

�HB;Mû �p2+ /2mt bQKK2ib /m i`B�M;H2X

d >vT2`#QH2 /2 EB2T2`i

PM +QMbi`mBi i`QBb i`B�M;H2b BbQ+ĕH2b 2ti2`M2b UQm BMi2`M2bV
b2K#H�#H2b bm` H2b +Ƭiûb /ǶmM i`B�M;H2 ABC 2i QM MQi2 A′

U`2bTX B′ 2i C ′V H2 MQmp2�m bQKK2i /m i`B�M;H2 BbQ+ĕH2 /2 #�b2
BC U`2bTX CA 2i ABVX LQmb �HHQMb KQMi`2` [m2 H2b /`QBi2b
AA′- BB′ 2i CC ′ bQMi +QM+Qm`�Mi2bX

A B

C

MBC

A′

B′

C ′

HA

ϕ

S`2mp2X PM TQb2 λ = tan(ϕ) 2i QM +QMbB/ĕ`2 H2 TQBMi MBC - KBHB2m /m +Ƭiû BC- �BMbB [m2 H2 TQBMi
HA- TB2/ /2 H� ?�mi2m` Bbbm2 /m bQKK2i AX G2b p2+i2m`b

−−−−−→
MBCA′ 2i −−−→AHA bQMi +QHBMû�B`2b- /2 MQ`K2b

`2bT2+iBp2b λa

2
2i b sin(γ)X PM 2M /û/mBi [m2

−−→
OA′ =

−−−−→
OMBC +

λa

2b sin γ

−−−→
AHA =

1

2

−−→
OB +

1

2

−−→
OC +

λa

2b sin γ
(
−−−→
OHA −

−→
OA),

/QM+ 2M T�bb�Mi �mt +QKTQb�Mi2b ,

−−→
OA′ =

1

2




0
1
1



+
λa

2b sin γ



1

a




0

b cos γ
c cosβ



−




1
0
0







 =
1

2b sin γ




−λa

b(sin γ + λ cos γ)
b sin γ + λc cosβ



.

*QKK2 b sin γ = c sinβ b2HQM H2 i?ûQ`ĕK2 /m bBMmb- QM i`Qmp2 }M�H2K2Mi
−−→
OA′ =

1

2b sin γ




−λa

bmλ(γ)
cmλ(β)





�p2+ H� MQi�iBQM mλ(x) = sin(x) + λ cos(x)X G� /`QBi2 AA′ �/K2i �HQ`b HǶû[m�iBQM #�`v+2Mi`B[m2
cmλ(β)y = bmλ(γ)zX S�` T2`Kmi�iBQM +B`+mH�B`2- QM Q#iB2Mi HǶû[m�iBQM amλ(γ)z = cmλ(α)y TQm`
H� /`QBi2 (BB′) 2i bmλ(α)x = amλ(β)z TQm` H� /`QBi2 (CC ′)X PM pû`B}2 7�+BH2K2Mi [m2 +2b i`QBb
/`QBi2b b2 +QmT2Mi 2M Pλ

[
amλ(β)mλ(γ); bmλ(α)mλ(γ); cmλ(α)mλ(β)

]
X !

_2K�`[m2b

@ aB H2 i`B�M;H2 ABC 2bi û[mBH�iû`�H- iQmb H2b TQBMib Pλ +QśM+B/2Mi �p2+ H2 +2Mi`2 /2 ;`�pBiûX

@ aB H2 i`B�M;H2 2bi BbQ+ĕH2 MQM û[mBH�iû`�H- H2b TQBMib Pλ +QMbiBim2Mi HǶ�t2 /2 bvKûi`B2 /m i`B�M;H2
T`Bpû /2 bQM Q`i?Q+2Mi`2X

@ aB H2 i`B�M;H2 2bi b+�HĕM2- HǶ2Mb2K#H2 /2b TQBMib Pλ +QMiB2Mi H2b bQKK2ib A- B 2i C U+QMbB/û`2`
ϕ ∈ {−α,−β,−γ}V- H2 +2Mi`2 /2 ;`�pBiû G Uϕ = 0◦V- H2b TQBMib /2 o2+i2M Uϕ = ±45◦V 2i /2 62`K�i
Uϕ = ±60◦VX GǶQ`i?Q+2Mi`2 2bi Q#i2Mm +QKK2 +�b HBKBi2 HQ`b[m2 λ→ ±∞X

@ G2 +QMDm;mû BbQ;QM�H /2 Pλ 2bi Qλ[amλ(α); bmλ(β); cmλ(γ)]- BH 2bi �HB;Mû �p2+ H2 TQBMi /2 G2KQBM2
L[a sinα; b sinβ; c sin γ] 2i H2 +2Mi`2 /m +2`+H2 +B`+QMb+`Bi Ω[a cosα; b cosβ; c cos γ] U+2b TQBMib bQMi
/Bzû`2Mib bB H2 i`B�M;H2 MǶ2bi T�b û[mBH�iû`�HVX G� /`QBi2 (LΩ)- �TT2Hû2 �t2 /2 "`Q+�`/- � HǶû[m�iBQM
bc sin(β−γ)x+ca sin(γ−α)y+ab sin(α−β)z = 0X *QKK2 Qλ[a2yz; b2xz; c2xy] H� pû`B}2- Pλ[x; y; z]
pû`B}2 a sin(β−γ)yz+b sin(γ−α)zx+c sin(α−β)yx = 0X *2ii2 û[m�iBQM 2bi +2HH2 /ǶmM2 ?vT2`#QH2
û[mBH�iĕ`2 UbB H2 i`B�M;H2 MǶ2bi T�b BbQ+ĕH2V /û+Qmp2`i2 T�` Gm/rB; EB2T2`i 2M R3eNX

1t2KTH2
.�Mb HǶBHHmbi`�iBQM +B@+QMi`2- QM � H2b bQKK2ib A(0; 0)-
B(6; 0) 2i C(2; 4)X PM T2mi +�H+mH2` H� HQM;m2m` /2b +Ƭiûb
Ua = 4

√
2- b = 2

√
5 2i c = 6V- �BMbB [m2 H2 bBMmb 2i H2 +QbBMmb

/2 +?�[m2 �M;H2X SQm` `ûbmK2`- QM i`Qmp2

mλ(α) =
2 + λ√

5
, mλ(β) =

1 + λ√
2

, mλ(γ) =
3 + λ√

10
.

PM T2mi 2MbmBi2 ûi�#HB`

-3 -2 -1 0 1 2 3 4 5 6 7 8

-4

-3

-2

-1

0

1

2

3

4

5

6

A
B

C

amλ(β)mλ(γ) + bmλ(α)mλ(γ) + cmλ(α)mλ(β) =
4(3λ2 + 11λ+ 9)√

10

2i H2b û[m�iBQMb T�`�Kûi`B[m2b /2 HǶ?vT2`#QH2 /2 EB2T2`i , x =
6(2 + λ)2

3λ2 + 11λ+ 9
- y =

6(2 + λ)(1 + λ)

3λ2 + 11λ+ 9
X
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1M +QMbB/û`�Mi H� HBKBi2 HQ`b[m2 λ → ±∞- QM i`Qmp2 HǶQ`i?Q+2Mi`2 H(2; 2)X G2b �bvKTiQi2b QMi /2b
û[m�iBQMb +�`iûbB2MM2b y = mx+h �p2+ m = lim(y(λ)/x(λ)) 2i h = lim(y(λ)−mx(λ))- H2b HBKBi2b ûi�Mi
T`Bb2b HQ`b[m2 λ i2M/ p2`b mM2 bQHmiBQM /2 HǶû[m�iBQM 3λ2 +11λ+9 = 0X PM i`Qmp2 y = 3+

√
13

2 x− 6
√
13

13

2i y = 3−
√
13

2 x+ 6
√
13

13 X *2b �bvKTiQi2b b2 +QmT2Mi �m TQBMi S
(
12
13 ;

18
13

)
X

1M i`�MbH�i�Mi H2 TQBMi (x(λ); y(λ)) b2HQM H2 p2+i2m` −→SO 2i 2M H2 7�Bb�Mi iQm`M2` �miQm` /2 HǶQ`B;BM2
b2HQM HǶ�M;H2 ϕ = − arctan

(
3−

√
13

2

)
- QM Q#iB2Mi mM TQBMi (x̃(λ); ỹ(λ)) i2H [m2 x̃ · ỹ = 36

13
√
13

X *2+B KQMi`2
[m2 H2b TQBMib (x̃(λ); ỹ(λ))- 2i /QM+ (x(λ); y(λ))- b2 i`Qmp2Mi #B2M bm` mM2 ?vT2`#QH2 û[mBH�iĕ`2X

J�i?2K�iB+�

G2b +�H+mHb ûi�Mi �bb2x 7�biB/B2mt- QM T2mi i`�Bi2` iQmi �mi`2 2t2KTH2 �p2+ H2 +Q/2 J�i?2K�iB+� bmBp�MiX

aQKK2ib A- B 2i C /m i`B�M;H2

&b�- b"- b*' 4 &&y- y'- &k- 9'- &e- y''c

GQM;m2m`b /2b +Ƭiûb /m i`B�M;H2 ABC

&�- #- +' 4 aBKTHB7v(J�T(LQ`K- &b" @ b*- b* @ b�- b� @ b"'))

aBMmb 2i +QbBMmb /2 +?�[m2 �M;H2 x- bvMi?ûiBbûb T�` mx = sin(x) + t cos(x)

+Qb� 4 U#�k Y +�k @ ��kV f Uk  #  +Vc
+Qb# 4 U+�k Y ��k @ #�kV f Uk  +  �Vc
+Qb+ 4 U��k Y #�k @ +�kV f Uk  �  #Vc
&bBM�- bBM#- bBM+' 4 a[`i(R @ &+Qb�- +Qb#- +Qb+'�k)c
&K�- K#- K+' 4 aBKTHB7v(&bBM�- bBM#- bBM+' Y i &+Qb�- +Qb#- +Qb+')

1[m�iBQM 2i /2bbBM /2 HǶ?vT2`#QH2

bQKK2 4 aBKTHB7v(�  K#  K+ Y #  K�  K+ Y +  K�  K#)c
&t(in)- v(in)' 4 aBKTHB7v(U� K# K+ b� Y # K� K+ b" Y + K� K# b*V f bQKK2)
S�`�K2i`B+SHQi(&t(i)- v(i)'- &i- @Ry- Ry'- SHQi_�M;2 @= &@8- 8')

�bvKTiQi2b U/Ƕû[m�iBQMb +�`iûbB2MM2b y = m1x+ h1 2i y = m2x+ h2V

&iR- ik' 4 aBKTHB7v(6H�ii2M(i fX aQHp2(bQKK2 44 y- i))c
&KR- Kk' 4 GBKBi(v(i)ft(i)- &i @= iR- i @= ik')c
?R 4 GBKBi(v(i) @ KR  t(i)- i @= iR)c
?k 4 GBKBi(v(i) @ Kk  t(i)- i @= ik)c
6mHHaBKTHB7v(&KR  t Y ?R- Kk  t Y ?k')

*2Mi`2 /2 bvKûi`B2 (xs; ys)

&tb- vb' 4 aBKTHB7v(&?k @ ?R- KR  ?k @ Kk  ?R' f UKR @ KkV)

>vT2`#QH2 `2+iB}û2 U`2+2Mi`û2 2i iQm`Mû2 TQm` `�K2M2` H� /2mtBĕK2 �bvKTiQi2 bm` HǶ�t2 OxV

�M;H2 4 @�`+h�M(Kk)c
tM(in) 4 aBKTHB7v(*Qb(�M;H2)Ut(i) @ tbV @ aBM(�M;H2)Uv(i) @ vbV)
vM(in) 4 aBKTHB7v(aBM(�M;H2)Ut(i) @ tbV Y *Qb(�M;H2)Uv(i) @ vbV)

S`2mp2 [m2 H� +Qm`#2 U`2+iB}û2V 2bi #B2M bm` mM2 ?vT2`#QH2 UbB H2 `ûbmHi�i 2bi mM2 +QMbi�Mi2V

6mHHaBKTHB7v(tM(i)  vM(i))


