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�Mx�?H :Bii2`r2;2 Q?M2 mM/ KBi .B�;QM�H2M
Q/2`
.B2 .2H�MMQv@w�?H2M
S2i2` :�HHBM- T2i2`!;�HHBMX+?

1b Bbi �HH;2K2BM #2F�MMi- rB2 pB2H2 :Bii2`r2;2 pQK SmMFi (0, 0) xmK SmMFi (n, k) 7Ƀ?`2M- r2MM
Mm` q2;2 H M;b /2` :Bii2`F�Mi2M xm;2H�bb2M bBM/X .�MM ?�#2M M KHB+? �HH2 q2;2 /B2 G M;2 n + k
mM/ #2bi2?2M �mb k ?Q`BxQMi�H2M a+?`Bii2M UHV mM/ n p2`iBF�H2M a+?`Bii2M UV VX 1BM q2; Bbi �HbQ
+?�`�Fi2`BbB2`i /m`+? 2BM2 6QH;2 pQM n+k "m+?bi�#2M H Q/2` V X J�M Kmbb �HbQ pQM /2M n+k ai2HH2M
Mm` D2M2 �M;2#2M- rQ /B2 k "m+?bi�#2M H HB2;2MX .�b Bbi 2BM2 EQK#BM�iBQM Q?M2 qB2/2`?QHmM; pQM k
�mb n+ kX 1b ;B#i �HbQ

(n+k
k

)
q2;2X .B2 M�+?7QH;2M/2 �##BH/mM; x2B;i HBMFb /�b :Bii2` KBi /2K q2;

HHHV V V HVH xmK SmMFi (4, 5) mM/ `2+?ib /B2 xm;2?ƺ`B;2 h�#2HH2 KBi /2` �Mx�?H q2;2 xm D2/2K
:Bii2`TmMFi ?BMX .B2 w�?H2M bBM/ /B2 "BMQKB�HFQ2{xB2Mi2M mM/ K�M F�MM /2`2M _2Fm`bBQMb7Q`K2H
;2QK2i`Bb+? BMi2`T`2iB2`2M- BM/2K K�M b�;i- /�bb /B2 �Mx�?H q2;2 xmK SmMFi (n, k) bB+? 2`;B#i �Hb
amKK2 /2` �Mx�?H q2;2 xmK SmMFi (n− 1, k) mM/ /2` �Mx�?H q2;2 xmK SmMFi (n, k − 1)X

n       k 0 1 2 3 4 5
0 1 2 3 4 5        k 0 1 1 1 1 1 1
1 1 1 2 3 4 5 6
2 2 1 3 6 10 15 21
3 3 1 4 10 20 35 56
4 4 1 5 15 35 70 126
5 5 1 6 21 56 126 252

 n

1ir�b r2MB;2` #2F�MMi Bbi /B2 h�ib�+?2- /�bb /B2b2 q2;2 �m+? �M/2`b +?�`�Fi2`BbB2`i r2`/2M FƺMM2M,
J�M F�MM M KHB+? #HQbb �M;2#2M- BM r2H+?2` /2` n+1 w2BH2M 2BM ?Q`BxQMi�H2` a+?`Bii ;2K�+?i r2`/2M
bQHHX J�M Kmbb �HbQ �mb /2M n + 1 w�?H2M 0, 1, . . . , n ;2M�m k w�?H2M �m7bi2B;2M/ �mbr ?H2M mM/
xr�` KBi qB2/2`?QHmM;X lMb2` q2; rB`/ �HbQ /m`+? y-y-y-j-9 +?�`�Fi2`BbB2`iX .�b Bbi /�b S`Q#H2K /2`
EQK#BM�iBQM2M KBi qB2/2`?QHmM; pQM k �mb n+ 1X Pz2M#�` ;B#i 2b BKK2` MQ+?

(n+k
k

)
q2;2- rQKBi

/B2b2b 2?2` b+?rB2`B;2 FQK#BM�iQ`Bb+?2 S`Q#H2K �m+? ;2Hƺbi BbiX a2ix2M rB` n′ = n + 1- bQ ?2Bbbi �HbQ
/B2 �MirQ`i,

1b ;B#i
(n′+k−1

k

)
EQK#BM�iBQM2M KBi qB2/2`?QHmM; #2B k �mb n′X

q2MM MmM �#2` �m+? .B�;QM�Hb+?`Bii2 pQM :Bii2`TmMFi xm :Bii2`TmMFi xm;2H�bb2M bBM/- r2MM �HbQ BK
:Bii2` MB+?i Mm` M�+? Pbi2M mM/ aɃ/2M- bQM/2`M �m+? M�+? aɃ/Qbi2M ;2b+?`Bii2M r2`/2M /�`7- /�MM
rB`/ /B2 a�+?2 2ir�b FQKTHBxB2`i2`- r2BH /B2 q2;H M;2 MB+?i K2?` FQMbi�Mi BbiX wmK :HɃ+F Bbi �#2` /B2
_2Fm`bBQMbB/22 M�+? rB2 pQ` �Mr2M/#�`X .B2 �Mx�?H q2;2 dn,k xmK :Bii2`TmMFi (n, k) Bbi /B2 amKK2
/2` �Mx�?H q2;2 xmK SmMFi (n−1, k−1) mM/ /2` �Mx�?H q2;2 xmK SmMFi (n−1, k) mM/ /2` �Mx�?H
q2;2 xmK SmMFi (n, k − 1)X 1b ;BHi �HbQ

dn,k = dn−1,k−1 + dn−1,k + dn,k−1 .

aQKBi F�MM K�M bQ7Q`i 2BM2 2MibT`2+?2M/2 h�#2HH2 KBi /2M �Mx�?H q2;2M 2`bi2HH2M- rQ#2B bB+? D2ixi
/B2 6`�;2 bi2HHi- Q# 2b 7Ƀ` /B2 w�?H2M /2` h�#2HH2 ě /B2 .2H�MMQv@w�?H2M dn,k ě �m+? 2BM2M 2BM7�+?2M
"2`2+?MmM;br2; ;B#iX 1BM2 AMi2`M2i@am+?2 KBi /B2b2K aiB+?rQ`i H bbi 2BM2M xr2B72HMX 1b bQHH ?B2` 2BM
2H2K2Mi�`2` q2; ;2x2B;i r2`/2MX
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�Mx�?H :Bii2`r2;2 Q?M2 mM/ KBi .B�;QM�H2M
Q/2`
.B2 .2H�MMQv@w�?H2M
S2i2` :�HHBM- T2i2`!;�HHBMX+?

1b Bbi �HH;2K2BM #2F�MMi- rB2 pB2H2 :Bii2`r2;2 pQK SmMFi (0, 0) xmK SmMFi (n, k) 7Ƀ?`2M- r2MM
Mm` q2;2 H M;b /2` :Bii2`F�Mi2M xm;2H�bb2M bBM/X .�MM ?�#2M M KHB+? �HH2 q2;2 /B2 G M;2 n + k
mM/ #2bi2?2M �mb k ?Q`BxQMi�H2M a+?`Bii2M UHV mM/ n p2`iBF�H2M a+?`Bii2M UV VX 1BM q2; Bbi �HbQ
+?�`�Fi2`BbB2`i /m`+? 2BM2 6QH;2 pQM n+k "m+?bi�#2M H Q/2` V X J�M Kmbb �HbQ pQM /2M n+k ai2HH2M
Mm` D2M2 �M;2#2M- rQ /B2 k "m+?bi�#2M H HB2;2MX .�b Bbi 2BM2 EQK#BM�iBQM Q?M2 qB2/2`?QHmM; pQM k
�mb n+ kX 1b ;B#i �HbQ

(n+k
k

)
q2;2X .B2 M�+?7QH;2M/2 �##BH/mM; x2B;i HBMFb /�b :Bii2` KBi /2K q2;

HHHV V V HVH xmK SmMFi (4, 5) mM/ `2+?ib /B2 xm;2?ƺ`B;2 h�#2HH2 KBi /2` �Mx�?H q2;2 xm D2/2K
:Bii2`TmMFi ?BMX .B2 w�?H2M bBM/ /B2 "BMQKB�HFQ2{xB2Mi2M mM/ K�M F�MM /2`2M _2Fm`bBQMb7Q`K2H
;2QK2i`Bb+? BMi2`T`2iB2`2M- BM/2K K�M b�;i- /�bb /B2 �Mx�?H q2;2 xmK SmMFi (n, k) bB+? 2`;B#i �Hb
amKK2 /2` �Mx�?H q2;2 xmK SmMFi (n− 1, k) mM/ /2` �Mx�?H q2;2 xmK SmMFi (n, k − 1)X

n       k 0 1 2 3 4 5
0 1 2 3 4 5        k 0 1 1 1 1 1 1
1 1 1 2 3 4 5 6
2 2 1 3 6 10 15 21
3 3 1 4 10 20 35 56
4 4 1 5 15 35 70 126
5 5 1 6 21 56 126 252

 n

1ir�b r2MB;2` #2F�MMi Bbi /B2 h�ib�+?2- /�bb /B2b2 q2;2 �m+? �M/2`b +?�`�Fi2`BbB2`i r2`/2M FƺMM2M,
J�M F�MM M KHB+? #HQbb �M;2#2M- BM r2H+?2` /2` n+1 w2BH2M 2BM ?Q`BxQMi�H2` a+?`Bii ;2K�+?i r2`/2M
bQHHX J�M Kmbb �HbQ �mb /2M n + 1 w�?H2M 0, 1, . . . , n ;2M�m k w�?H2M �m7bi2B;2M/ �mbr ?H2M mM/
xr�` KBi qB2/2`?QHmM;X lMb2` q2; rB`/ �HbQ /m`+? y-y-y-j-9 +?�`�Fi2`BbB2`iX .�b Bbi /�b S`Q#H2K /2`
EQK#BM�iBQM2M KBi qB2/2`?QHmM; pQM k �mb n+ 1X Pz2M#�` ;B#i 2b BKK2` MQ+?

(n+k
k

)
q2;2- rQKBi

/B2b2b 2?2` b+?rB2`B;2 FQK#BM�iQ`Bb+?2 S`Q#H2K �m+? ;2Hƺbi BbiX a2ix2M rB` n′ = n + 1- bQ ?2Bbbi �HbQ
/B2 �MirQ`i,

1b ;B#i
(n′+k−1

k

)
EQK#BM�iBQM2M KBi qB2/2`?QHmM; #2B k �mb n′X

q2MM MmM �#2` �m+? .B�;QM�Hb+?`Bii2 pQM :Bii2`TmMFi xm :Bii2`TmMFi xm;2H�bb2M bBM/- r2MM �HbQ BK
:Bii2` MB+?i Mm` M�+? Pbi2M mM/ aɃ/2M- bQM/2`M �m+? M�+? aɃ/Qbi2M ;2b+?`Bii2M r2`/2M /�`7- /�MM
rB`/ /B2 a�+?2 2ir�b FQKTHBxB2`i2`- r2BH /B2 q2;H M;2 MB+?i K2?` FQMbi�Mi BbiX wmK :HɃ+F Bbi �#2` /B2
_2Fm`bBQMbB/22 M�+? rB2 pQ` �Mr2M/#�`X .B2 �Mx�?H q2;2 dn,k xmK :Bii2`TmMFi (n, k) Bbi /B2 amKK2
/2` �Mx�?H q2;2 xmK SmMFi (n−1, k−1) mM/ /2` �Mx�?H q2;2 xmK SmMFi (n−1, k) mM/ /2` �Mx�?H
q2;2 xmK SmMFi (n, k − 1)X 1b ;BHi �HbQ

dn,k = dn−1,k−1 + dn−1,k + dn,k−1 .

aQKBi F�MM K�M bQ7Q`i 2BM2 2MibT`2+?2M/2 h�#2HH2 KBi /2M �Mx�?H q2;2M 2`bi2HH2M- rQ#2B bB+? D2ixi
/B2 6`�;2 bi2HHi- Q# 2b 7Ƀ` /B2 w�?H2M /2` h�#2HH2 ě /B2 .2H�MMQv@w�?H2M dn,k ě �m+? 2BM2M 2BM7�+?2M
"2`2+?MmM;br2; ;B#iX 1BM2 AMi2`M2i@am+?2 KBi /B2b2K aiB+?rQ`i H bbi 2BM2M xr2B72HMX 1b bQHH ?B2` 2BM
2H2K2Mi�`2` q2; ;2x2B;i r2`/2MX

n       k 0 1 2 3 4 5
0 1 2 3 4 5        k 0 1 1 1 1 1 1
1 1 1 3 5 7 9 11
2 2 1 5 13 25 41 61
3 3 1 7 25 63 129 231
4 4 1 9 41 129 321 681
5 5 1 11 61 231 681 1683

 n

.B2 .2H�MMQv@w�?H2M dn,k

.B2 J2i?Q/2- /B2 mMb xmK wB2H 7Ƀ?`i-  ?M2Hi b2?` /2`D2MB;2M- /B2 B+? #2BK �`iBF2H xm` J2Mb+?2MTv@
`�KB/2 BK "mHH2iBM L`X R99 �M;2r�M/i ?�ii2X .Q`i 7Ƀ?`i2 bB2 �HH2`/BM;b �m7 2BM r2MB; #27`B2/B;2M/2b
1`;2#MBb- /�b /�MM BK "mHH2iBM L`X R98 p2`#2bb2`i rm`/2X

.B2 7QH;2M/2 h�#2HH2 x2B;i BM /2` 2`bi2M aT�Hi2 /B2 w�?H2M dn,k �mb /2` aT�Hi2 k = 4 /2` Q#B;2M h�#2HH2X
AM /2` xr2Bi2M aT�Hi2 bi2?i /B2 2`bi2 .Bz2`2Mx2M7QH;2X J�M bi2HHi 72bi- /�bb /B2 pB2`i2 .Bz2`2Mx2M7QH;2
FQMbi�Mi BbiX .�b #2/2mi2i- /�bb /B2 .2H�MMQv@w�?H2M BM /2` aT�Hi2 k �`Bi?K2iBb+?2 6QH;2M k@i2` P`/@
MmM; bBM/X .B2 2BM;2`�?Ki2M ai�`ix�?H2M /2` .Bz2`2Mx2M7QH;2M M2MM2M rB` _�M/x�?H2M mM/ #2x2B+?M2M
bB2 KBi rk,i- rQ#2B /2` AM/2t i pQM 0 #Bb k H m7iX

d 0,4 = 1 4
d 1,4 = 9 8 6
d 2,4 = 41 32 24 4
d 3,4 = 129 88 56 32 1
d 4,4 = 321 192 104 48 16
d 5,4 = 681 360 168 64 16

AK "mHH2iBM L`X Rky pQK a2Ti2K#2` kyRk ?�#2 B+? ;2x2B;i- /�bb 2BM2 �`Bi?K2iBb+?2 6QH;2 k@i2` P`/MmM;
�mb /2M _�M/x�?H2M ;2rQMM2M r2`/2M F�MM- bQ /�bb rB` 7QH;2M/2M �mb/`m+F 2`?�Hi2M,

dn,k =
k∑

i=0

rk,i

(
n

i

)

J�M F�MM bB+? /B2b2M �m7#�m �m+? /B`2Fi Ƀ#2`H2;2M- BM/2K K�M 2BM2 w�?H dn,k �Hb amKK2 B?`2`
L�+?#�`M Q#2M mM/ `2+?ib /2MFi mM/ /B2b2 L�+?#�`M rB2/2`mK �Hb amKK2 /2` L�+?#�`M- bQ /�bb /B2
amKK�M/2M KBi /2M "BMQKB�HFQ2{xB2Mi2M ;2rB+?i2i r2`/2M KɃbb2MX wm #2�+?i2M Bbi- /�bb 7Ƀ` i > n
/B2 "BMQKB�HFQ2{xB2Mi2M r2;7�HH2MX J�M bmKKB2`i �HbQ #2B n < k Mm` #Bb i = nX

.BpB/B2`i K�M MmM /B2 _�M/x�?H2M /m`+? wr2B2`TQi2Mx2M- mM/ xr�` /m`+? 2i- bQ 2`;2#2M bB+? /B`2Fi /B2
"BMQKB�HFQ2{xB2Mi2M /2` k@i2M w2BH2 /2b S�b+�H@.`2B2+FbX A+? ?�#2 /B2b2 "BMQKB�HFQ2{xB2Mi2M Ƀ#2`
/2M 2BM;2`�?Ki2M _�M/x�?H2M MQiB2`iX .B2b ;BHi 7Ƀ` �HH2 k- r�b xm #2r2Bb2M r `2X qB` 2`?�Hi2M �HbQ,

rk,i = 2i
(
k

i

)

.�KBi 2`;B#i bB+? #2`2Bib /B2 a+?Hmbb7Q`K2H 7Ƀ` /B2 .2H�MMQv@w�?H2M,

dn,k =
k∑

i=0

2i
(
k

i

)(
n

i

)
=

min(n,k)∑

i=0

2i
(
k

i

)(
n

i

)

1`bi /m`+? /�b o2`/2miHB+?2M /2` Q#2`2M amKK�iBQMb;`2Mx2 i = min(n, k) rB`/ FH�`- /�bb /B2 6Q`K2H
bvKK2i`Bb+? BM n mM/ k BbiX C2ixi KɃbbi2 MQ+? #2rB2b2M r2`/2M- /�bb /B2 _2Fm`bBQMb7Q`K2H

dn+1,k+1
?
= dn,k + dn,k+1 + dn+1,k

2`7ɃHHi rB`/X .B2b2 2ir�b FMB|B;2 ɂ#mM; BK lK#�m2M pQM "BMQKB�HFQ2{xB2Mi2M 2KT72?H2 B+? /2M
;2M2B;i2M G2b2`BMM2M mM/ G2b2`MX .2` "2r2Bb bi2?i xm` EQMi`QHH2 �m7 /2M M +?bi2M a2Bi2X
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"2r2Bb, qB` b+?`2B#2M #2B/2 a2Bi2M /2` 7`�;HB+?2M :H2B+?mM; ;2K bb /2` 2BM;2`�?Ki2M 6Q`K2H mK,
k+1∑

i=0

2i
(
k + 1

i

)(
n+ 1

i

)
?
=

k∑

i=0

2i
(
k

i

)(
n

i

)
+

k+1∑

i=0

2i
(
k + 1

i

)(
n

i

)
+

k∑

i=0

2i
(
k

i

)(
n+ 1

i

)

LmM #2�`#2Bi2M rB` /B2 HBMF2 a2Bi2 ULSV KBi /2` :`mM/2B;2Mb+?�7i /2` "BMQKB�HFQ2{xB2Mi2M mM/
p2`2BM?2BiHB+?2M /2M amKK�iBQMbBM/2t �m7 /B2 Q#2`2 :`2Mx2 i = k,

LS =
k+1∑

i=0

2i
(
k + 1

i

)(
n+ 1

i

)
= 2k+1

(
n+ 1

k + 1

)
+

k∑

i=0

2i
((

k

i− 1

)
+

(
k

i

))((
n

i− 1

)
+

(
n

i

))
=

= 2k+1

(
n

k

)
+ 2k+1

(
n

k + 1

)
+

k∑

i=0

2i
[(

k

i− 1

)(
n

i− 1

)
+

(
k

i− 1

)(
n

i

)
+

(
k

i

)(
n

i− 1

)
+

(
k

i

)(
n

i

)]
=

= 2k+1

(
n

k

)
+2k+1

(
n

k + 1

)
+

k∑

i=0

2i
(

k

i− 1

)(
n

i− 1

)
+

k∑

i=0

2i
[(

k

i− 1

)(
n

i

)
+

(
k

i

)(
n

i− 1

)
+

(
k

i

)(
n

i

)]

C2ixi r2M/2M rB` mMb /2` `2+?i2M a2Bi2 URSV xm mM/ p2`2BM?2BiHB+?2M /B2 Q#2`2 amKK�iBQMb;`2Mx2 mM/
/B2 Q#2`2M w�?H2M BM /2M "BMQKB�HFQ2{xB2Mi2M,

RS =
k∑

i=0

2i
(
k

i

)(
n

i

)
+

k+1∑

i=0

2i
(
k + 1

i

)(
n

i

)
+

k∑

i=0

2i
(
k

i

)(
n+ 1

i

)
=

= 2k+1

(
n

k + 1

)
+

k∑

i=0

2i
[(

k

i

)(
n

i

)
+

((
k

i

)(
n

i

)
+

(
k

i− 1

)(
n

i

))
+

((
k

i

)(
n

i

)
+

(
k

i

)(
n

i− 1

))]
=

= 2k+1

(
n

k + 1

)
+

k∑

i=0

2i+1

(
k

i

)(
n

i

)
+

k∑

i=0

2i
[(

k

i− 1

)(
n

i

)
+

(
k

i

)(
n

i

)
+

(
k

i

)(
n

i− 1

)]

o2`;H2B+?i K�M /B2 mK;2r�M/2Hi2M HBMF2M mM/ `2+?i2M a2Bi2M- bQ 2`F2MMi K�M- /�bb 2BM amKK�M/
Q?M2 amKK2Mx2B+?2M mM/ /B2 amKK2 KBi /2M 2+FB;2M EH�KK2`M Ƀ#2`2BMbiBKK2MX .�KBi #H2B#i Mm`
MQ+? 6QH;2M/2b xm #2r2Bb2M,

2k+1

(
n

k

)
+

k∑

i=0

2i
(

k

i− 1

)(
n

i− 1

)
?
=

k∑

i=0

2i+1

(
k

i

)(
n

i

)

AM /2` HBMF2M amKK2 FƺMM2M rB` /2M AM/2t pQM i = 1 �M H�m72M H�bb2M- /� 7Ƀ` i = 0 /2` amKK�M/
p2`b+?rBM/2iX :H2B+?x2BiB; b+?`2B#2M rB` j �Mbi�ii i,

2k+1

(
n

k

)
+

k∑

j=1

2j
(

k

j − 1

)(
n

j − 1

)
?
=

k∑

i=0

2i+1

(
k

i

)(
n

i

)

LmM 2`b2ix2M rB` j = i+ 1 Q/2` i = j − 1 mM/ 2`?�Hi2M 2BM2 FQ``2Fi2 �mbb�;2,

2k+1

(
n

k

)
+

k−1∑

i=0

2i+1

(
k

i

)(
n

i

)
!
=

k∑

i=0

2i+1

(
k

i

)(
n

i

)


