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(Gravity ...) was one of the first great laws to be discovered and it
has an interesting history. You may say, ‘Yes, but then it is old
hat, I would like to hear something about a more modern
science’. Morerecentperhaps, butnot more modern. (...) I do
not feel at all bad about telling you about the Law of Gravitation,
because in describing its history and methods, the character of its
discovery, its quality,I am being completely modern.

(R. Feynman 1965)

Astronomy is older than physics. In fact, it got physics started by
showing the beautiful simplicity of the motion of the stars and
planets, the understanding of which was thebeginning of
physics.

(R. Feynman, published inSix easy pieces, 1963, p. 59.)

⇒ ... AND Science ... !!
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The Birth of Science: Ptolemy 150 A.D. “Almagest”

(publ. 1496 by Regiomontanus)
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Copernicus (publ. 1543)
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Tycho Brahe (1546 – 1601):
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“I start by explaining
these things in the
Copernican setting,
where they are easiest
to understand.”
(Kepler 1609,
(chap. XXIV, p. 131).
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Ptolemy – Copernicus – Brahe :same for relative movement:

⇒ orbits areexcentriccircles !!
(Inaequalitatis primae)

rotation speed governed by
“punctum aequans”C

with CB = BS

(Inaequalitatis secundae)

Thousands of data (Brahe)
of unprecedented precision

to adapt parameters

S

B

C

S: Sun,
B: “Mean” Sun,
C: punctum aequans.

Worked fine for all planetsexcept Mars !!
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Johannes Kepler (1609):
Great Triumph:
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Stets zweifelte er (Kepler) an sich und seiner Arbeit. Seinen
eigenen Vortragsstil empfand er als "abstossend oder jedenfalls
verwickelt und schwer verständlich". Über eines seiner
Hauptwerke, die 1609 erschienene "Astronomia Nova", urteilte
er im Nachhinein: "Ich selber, der ich als Mathematiker gelte,
ermüde beim Wiederlesen meines Werkes mit den Kräften
meines Gehirns."

(from Spiegel online, 26.07.2011)
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SYNOPSIS TOTIUS OPERIS :
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Kepler’s Pars Secunda : “Ad imitationem veterum”
(the “Ancients" are Ptolemy, Copernicus and Tycho Brahe, 25years older than he).

S

B

C

No justification for Ptolemy’s assumptionCB = BS;
⇒ determineS, B andC
from 4 observations (solve numer. 4-dim. nonl. system)
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“If you find these calculations
disgusting (pertaesum),
then have pity for me
(jure mei te miserat),
I did them at least 70 times
losing a lot of time
(ad minimum septuagies ivi
cum plurima temporis jactura)”.

⇒ already good
approximations for Earth’s orbit
Hypothesis vicaria !!

(for details see S. Thorvaldsen 2010)
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Pars Tertia : “Ex propria sententia” (his own opinion)

Kepler, as convinced Copernician,
putsSun in the center;
get rid ofC,
which has no physical meaning:

Which theory for rotation speed ??

S

B

C
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Pars Tertia : “Ex propria sententia” (his own opinion)

Long discussions,
(Chap. 32–39)
attractive forces, magnetism,
rotating Sun “pushes” the planets,
the planets have a “Soul” ;
the planets “wish” to move;
the planets “look” at the Sun and
see diameter inv. prop. tor

⇒ Speed inversely prop. tor !!

(New Inaequalitatis secundae).
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Chap. 40: End of Pars Tertia : Simplified model:

Above model too complicated ...
⇒ Inspired by Archimedes

⇒ Replace hypothenuse by leg

⇒ all triangles have same area !!
“Equal times — equal areas”
(Correct Inaequalitatis secundae).
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Resuḿe: Ptolemy, Cop., Brahe:
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C

Kepler, Hypoth. vicaria:
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Kepler, Chap. 32-39:
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Kepler’s Pars IV : The Great Idea in Chap. 56:

1.00429

1

1

5◦18′
u

S

B
R

O

P

Obs.: Dist.BS of Tycho’s circle by factor1.00429 too large;
This value is (by chance)1/ cos 5◦18′;
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Kepler’s Pars IV : The Great Idea in Chap. 56:

1.00429

1

1

5◦18′
u

S

B
R

O

P

Idea: Replace ‘hypoth.’ by ‘legs’,BS = BO, PS = PR,...
and“I awoke from sleep & new light broke on me”!!!

PS = PR = 1 + e cos u

Hoc jam obtento, non rationibus a priori, sed observationibus,... (This is now

established, not from reasoning as before, but from observations...) – p.18/67



Pappus of Alexandria ≈ 300 A.D. Collection, Prop. VII.238

(drawing Newton 1687) d

r/e
r
ϕu

a

ea

a

a/e

S

P

O

B

a cos u +
r

e
=

a

e
⇒

r = a − ea cos u

r = a + ea cos u

Kepler:

PS = PR = 1 + e cos u (Ch. 57–59)⇒ orbit is ellipse !!
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“There might be ingenious Geometers, similar to
Viète, who critizise with great emphasis this
[numerical] METHOD as beingartless. Indeed,
Viète critizised in such a way Ptolemy, Copericus &
Regiomontanus in his work. May they step forward
then, and solve themselves the scheme
Geometrically, they will begreat Apollonsfor me.”

(Kepler 1609, p. 95).
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Galileo Galilei. Mechaniques 1634, Discorsi 1638:
... io grandemente dubito che Aristotele non sperimentasse...

(Galilei 1638, Giornata prima)

Observation ...study forces, inertia and
of Heaven... accelerated motion on Earth

(“GALILÆO primitus introductam & demonstratam").
– p.21/67



“The Great Apollon” : Isaac Newton.
... one of the most dramatic moments of thereal beginningswas

when Newton suddenly understoodsomuch fromso

little... (R. Feynman, lecture of march 13, 1964.)

This sudden change of emphasis has been provoked by a visit

from Edmund Halley (1656–1742), which probably took place in

August [1684].” (quoted fromFootprints of the lionby

Scott Mandelbrote, Cambridge 2001, p. 88)

Manuscript Add 39657a

from 1684
written in this room ⇒ ⇒
leading to the
Principia published 1687
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Proof of Kepler 2:
... Newton was known in Cambridge as ‘the man who has writt a
book that neither he nor any one else understands’ ...

(quoted fromFootprints of the lionby Scott Mandelbrote,

Cambridge 2001, p. 28)

Let us try to understand:

(Newton, manuscript Add.39657a)
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Idea:
Instead of continuously acting force
⇒ force impulsesf · ∆t at end of time steps
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Picture fromPrincipia
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Eucl. I.41: All triangles have same area!
This became the“Theorema 1”of thePrincipia (1687).
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Newton’s Discovery of Gravitation Law from Kepler 1 & 2.

(Newton, Add39656, 1684)

(Huygens 1673)

Thm.: Force impulse prop. dist.R on tangent andQ on orbit
(∆t fixed).
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Newton’s “Prob. 3”.

If orbit ellipse
andS in focus,
then, for small step-sizes,

RQ ≈ Const· QT 2

whereConstindependent
of position ofP .
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Proof: Apollonius of Pergae ≈ 250 B.C.

... i libri di Apollonio, ... delle quali sole siamo bisogni nel

presente trattato. (Galilei 1638, giornata quarta)

(Picture from Newton’s Principia 1687)

Conj. diam.‖ tang.
(Apoll. II.6+Eucl. II.14)
⇒ PV/QV 2 known

Tangentsα = α

(Apoll. III.48)

SP + HP = 2a

(Apoll. III.52)

⇒ EP = a (Newton).
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zoom

use similar trianglesPV X ∼ PCE andQTX ∼ PFE and
Apoll. VII.31 (hd = ab)

⇒ RQ ≈ a

2b2
· QT 2 .
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The Law of Gravitation.

force prop.BD

= RQ RQ prop.QT 2

(Newton’s Lemma)
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(Kepler 2)

hence: force is proportional to
1

r2

(Prop. XI of thePrincipia).
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Another century later we arrive atEuler(E122) 1747:

for which the above algorithms areinversenumerical
methods !!

“While physicists call these “Newton’s equations”, they occur
nowhere in the work of Newton or of anyone else prior to 1747.”

“...such is the universal ignorance of the true history of
mechanics.”

(C. Truesdell,Essays in the History of Mechanics,1968)
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Feynman’s solution of the inverse problem:
Inverse square law⇒ Kepler 1 ??

Pour voir présentement que cette
courbeABC . . . est toûjours
une Section Conique, ainsi que
Mr. Newton l’a supposé,
pag. 55. Coroll.I.
sans le démontrer;
il y faut bien plus d’adresse:

[To see that the orbit is always
a conic section, which Newton
claimed but did not prove,
requires a good deal
of more ability.]

(Joh. Bernoulli 1710)
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Feynman’s idea(1964, in a “lost lecture”, rediscovered 1996):

Kepler – Newton:
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Feynman:
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⇒ ∆t prop. tor2 (Eucl. VI.19);
⇒ force impulses prop.1 .
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Look at hodograph(diagram of velocities)
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VelocityṖ of planet orbiting under inverse square force
describes a circle.
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Ṗ14

f Ṗ15
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Idea: Consider curve of same distance from circle and originO
(whichwe knowis ellipse; Apoll. III.52):
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tangent inPi parallelto OṖi; tangent inP̃i orthogonalto OṖi;
⇒ orbit is ellipse !! – p.36/67



Épilogue ...

It is not easy to use thegeometricmethod to discover things, it is
very difficult, but the elegance of the demonstrationsafter the
discoveries are made,is really very great. The power of the
analyticmethod is that it is much easier to discover and to prove
things, but not in any degree of elegance. There is a lot of dirty
paper with x-es and y-s and crossed out cancellations and so on
... (laughers).

(R. Feynman, lecture of march 13, 1964, 35th minute.)
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PART II: Find relations between all planets.

Babylon. and Egypt. civilisation:

The Seven Heavenly Gods

Sunday, lunedi, martedi, mercoledi, giovedi, venerdi, Saturday.
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Johannes Kepler
Mysterium

Cosmographicum
(1596)
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Kepler’s Third Law (1619):

Search harmonies... from Geometry... and Music...
– p.41/67



... Finally the result comes from vulgar numer. calculations ...

“It is extremely certain and extremely exact that the ratio of the time period for two

planets is one and a half of the ratio of the mean distances”(Lib. V, Caput 3, § 8).
– p.42/67



The Rule of Titius-Bode.
Das Daseyn dieses Planeten scheint insbesondere aus einem
merkwürdigen Verhältniss zu folgen. . .

(J.E. Bode,Anleitung zur Kenntniss des gestirnten

Himmels, 6. Aufl., Berlin 1792, quoted inHegels Werke5,

Anmerkungen p. 810)

0.4, 0.4 + 0.3 = 0.7, 0.4 + 2 · 0.3 = 1 (the earth), . . .

0.4 + 2n−2 · 0.3, . . . .

Forn = 1, 2, 3, 4, 6, 7 approximate well the distances of the
known planets.

n = 5 is missing !! Is there a gap??
“Sollte der Urheber der Welt diesen Raum leer gelassen haben?”
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Discovery of Uranus.
Sir William Herschel,
a German organist
and amateur astronomer
living in England, discovered
the 13th of march 1781
a new planet
through a huge telescope
of his own construction.

Herschel wanted to name ‘his’ new planetGeorgium sidus
(George’s star),in devotion to the British King, but Bode’s
propositionUranus(in Greek mythology the father of
Saturnus), was felt less patriotic.
Also Uranus fitted well, forn = 8, into Bode’s formula. – p.44/67



The Thesis of Hegel.
Dissertatio philosophica de orbitis planetarum,
Ienae MDCCCI.

Plato’sTimæus: the “Soul of the World” :

3
√

x4 ⇒ 1.000 2.520 4.327 6.350 16.000 18.721 81.000

“16 enim pro 8 quem legimus ponere liceat” ...ponamus1 = 3
√

3

1.4 2.56 4.37 6.34 18.75 40.34 81

“inter quartum et quintum locum magnum esse spatium”

Philosophical “proof” thatNO PLANET IS MISSING!!

Sehen Sie sich doch nur bei den heutigen Philosophen um, bei
Schelling, Hegel, Nees von Esenbeck und Consorten, stehen
Ihnen nicht die Haare bei ihren Definitionen zu Berge?

(Brief von Gauss an Schumacher, 1. 11. 1844)– p.45/67



The Discovery of Piazzi.
On January 1, 1801, the Italian
astronomer Giuseppe Piazzi
discovered in the Taurus constell.
a tiny little spot,
followed its orbit until
the 11th of February,
when illness, bad weather,
and the approaching Sun
interrupted the observations.
He named itCeres Ferdinandea
(Ferdinand is another King).

53.0 54.0 55.0 56.0 57.0

1.0

2.0

3.0

4.0

Piazzi

Longitude

Latitude

PROBLEM: Find this planet again!!
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1801 Longitude Latitude Longitude Latitude

Jan. 1 530 23
′

06.38
′′

30 06
′

45.16
′′

23 530 44
′

12.46
′′

10 38
′

46.78
′′

2 530 19
′

38.18
′′

30 02
′

26.46
′′

28 540 15
′

18.52
′′

10 21
′

04.92
′′

3 530 16
′

37.70
′′

20 58
′

08.04
′′

30 540 30
′

10.52
′′

10 14
′

14.24
′′

4 530 14
′

21.44
′′

20 53
′

51.98
′′

31 540 38
′

05.58
′′

10 10
′

51.02
′′

10 530 07
′

57.64
′′

20 28
′

53.64
′′

Feb. 1 540 46
′

27.14
′′

10 07
′

34.18
′′

13 530 10
′

05.60
′′

20 16
′

46.08
′′

2 540 55
′

01.52
′′

10 04
′

18.10
′′

14 530 11
′

54.20
′′

20 12
′

54.02
′′

5 550 22
′

45.20
′′

00 54
′

34.54
′′

19 530 26
′

01.98
′′

10 53
′

37.82
′′

8 550 53
′

04.52
′′

00 45
′

08.28
′′

21 530 34
′

22.68
′′

10 46
′

13.06
′′

11 560 26
′

28.20
′′

00 35
′

55.02
′′

22 530 39
′

11.58
′′

10 42
′

28.80
′′

The observations of Piazzi
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Many astronomers took part at thegreat challengeof the
re-discovery (Burckhardt, Olbers, Piazzi).

But a certain, 24 years old,“Dr. Gauss in Braunschweig”
computed a different solution “nach einem eigenthümlichen
Verfahren” and published it the 29th of Sept. 1801.
Still better solution in December 1801:

Sonnenferne ......................................................3260 53
′

50
′′

Ω .......................................................................810 1
′

44
′′

Neigung der Bahn .............................................100 36
′

21
′′

Logarithmus der halben grossen Axe ................0.4414902

Excentricität .....................................................0.0819603
Epoche: 31 Dec. 1800 mittl. helioc. Länge ......770 54

′

29
′′

The 7th of December 1801, Freiherr von Zach re-discovered
Ceres precisely at the position predicted by Gauss.

– p.48/67



How did Gauss compute his solution?
Gewiss, jeder der die Rechnungen kennt, die die Bestimmung
der Elemente eines Planeten und dann jeder daraus herzuleitende
Ort erfordert, muss es bewundern, wie ein einzelner Mann in so
kurzen Zeiträumen so vielfache mühsame Rechnungen zu
vollenden vermögend war.

(von Zach, März 1805, see GaussWerke6, p. 262)
Published posthumely; Werke vol. 11, pp. 221-252, and vol. 6, p. 199–402.
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All the difficulty stems from the great number of variables:

Elements of orbit

w arg. of perihelion
Ω long. of ascend. node
i inclination of orbit
a semi-major axis
e eccentricity
l0 mean heliocent. long.

(A)
⇐⇒

Heliocentric
coordinates

(
x
y
z

)
(B)
⇐⇒

Geocentric
spherical

coordinates
(

ρ
λ
β

)

The quantities measured are the anglesλ andβ (the distanceρ
is unknown, of course) for several time values, the quantities to
be computed are the elements of the orbit. So we need formulas
for the connecting passages (A) and (B).

– p.52/67



Passage (A).

0 0

A
u v

af

b Pe

r
B

T
u v

a

a Pc

a sin u

ae

For givent, must findu.
Kepler’s second law (‘same times, same areas’)

⇒ A

abπ
=

t

P
. ⇒ nt = u − e sin u, n =

2π

P

(Kepler’s equation) sinceB = a

b
A, B = a

2

2
(u − e sin u).

Kepler’s third law:n2a3 is a known constant.

⇒ (using spherical trigonometry) coordinates(x, y, z).
– p.53/67



Passage (B).For this, we have to know the solar geocentric
coordinates(X,Y, Z) (again by Kepler’s laws, this time applied
to theearth’sorbit) and we obtain the geocentric ecliptic
coordinates of the planet by adding these and taking spherical
coordinates

ξ = x + X = ρ cos β cos λ

ν = y + Y = ρ cos β sin λ

ζ = z + Z = ρ sin β.

– p.54/67



Gauss’ Procedure.At that time, it was “easy” to solve

(
ρ1

λ1

β1

)
,

(
ρ2

λ2

β2

)
(B)
⇒

(
x1

y1

z1

)
,

(
x2

y2

z2

)
(A)
⇒




w
Ω
i
a
e
l0




However,ρ1 andρ2 are unknown!
Gauss: very complicated formula manipulations⇒ compute

(
λ1

β1

)
,

(
λ2

β2

)
(B)
⇒

(
x1

y1

z1

)
,

(
λ2

β2

)
,

(
λ3

β3

)
(B)
⇒

(
x2

y2

z2

)

Thereby, it was advantageous to havet2 exactly in the middle.
Gauss started with the data

Jan. 2, Jan. 22, and Feb. 11.
Recomputed repeatedly by changing dates and data.
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The Method of Least Squares
hat man schon Beobachtungen von 1 oder mehrern Jahren. . ., so
halte ich den Gebrauch der Differential-Änderung, wobei man
eine beliebige Zahl von Beobachtungen zum Grunde legen kann,
für das beste Mittel.

(Gauss,SummarischëUbersicht, publ. 1809)

Ceres rediscovered Dec. 1801;⇒ much more data. Start of use
of the Method of Least Squares; no publication.
1805:LegendrepublishesNouvelles méthodes pour la
determination des orbites des comèteswith appendixméthode
des moindres quarrés.
1809:GausspublishesTheoria motus corporum celestum
containingPrincipium nostrum“which I have made use of since
1795”.

je n’ai jamais appelléprincipium nostrumun principe qu’un
autre avait publié avant moi..

(Legendrein a letter to Gauss, without answer.)– p.56/67



Example: Find the position of the camera !

A photograph (from the Montblanc region)

– p.57/67



k ûk v̂k xk yk zk

1. Col des Grandes Jorasses−0.0480 0.0290 9855 5680 3825
2. Aiguille du Géant −0.0100 0.0305 8170 5020 4013
3. Aig. Blanche de Peuterey 0.0490 0.0285 2885 730 4107
4. Aiguille du Tacul −0.0190 0.0115 8900 7530 3444
5. Petit Rognon 0.0600 −0.0005 5700 7025 3008
6. Aiguille du Moine 0.0125 −0.0270 8980 11120 3412

– p.58/67



Solution of our Problem.
(x̃, ỹ, z̃) objective
~a = (a, b, c) cameras’ axis
θ rotation angle



 seven values to find.

(x̃, ỹ, z̃)

(xk, yk, zk)

~a

~w

~h

~g(αk, βk)

(uk, vk)

(ûk, v̂k)

Algorithm:
Guess unknowns⇒ compute(uk, vk) by el. geometry
minimizeΩ =

∑
6

k=1

(
(uk − ûk)

2 + (vk − v̂k)
2
)

by
“Differential-Änderung,”
⇒ Solution: x̃ = 9679 ỹ = 13139 z̃ = 4131. – p.59/67



x̃ = 9679
ỹ = 13139
z̃ = 4131.
Camera was
8 metres above
summit of
Aiguille Verte

– p.60/67



Triftgletscher 1948 Triftgletscher 2004

– p.61/67



“Correcting”
Leonardo da Vinci.

Drawing of Leonardo da Vinci (1510, Codex Atlanticus fol. 707r; Bibliotheca

Ambrosiana, Milano)

Is the drawing correct?
– p.62/67



k uk vk

1 5.409 30.691

2 -26.388 6.720

3 -13.259 -30.369

4 26.517 -28.782

5 37.265 8.054

6 2.734 -52.888

7 55.650 -18.639

k uk vk

8 36.865 34.219

9 -25.283 36.394

10 -45.244 -16.728

11 18.814 -55.828

12 48.271 -34.749

13 56.767 0.764

14 46.037 33.043

k uk vk

15 17.609 52.536

16 -17.522 52.122

17 -45.244 31.161

18 -56.768 -2.147

19 -45.433 -35.867

20 -18.198 -56.563

 1

 2

 3  4

 5

 6

 7

 8 9

10

11

12

13

14

1516

17

18

19

20 – p.63/67
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 2

 3  4

 5

 6

 7

 8 9

10

11

12

13

14

1516

17

18

19

20

Left: Drawing of Leonardo da Vinci (1510, Codex Atlanticus fol. 707r; Bibliotheca

Ambrosiana, Milano); right: Leonardo’s vertices and, in grey, the ‘corrected’

drawing (Assyrus Abdullus & Gerhardus Wannerus, linguæ programmatoriæ

Fortranus & Postscriptus, Calculatores SunBlade 100, Universitas Genavæ) – p.64/67



Gauss’ Probabilistic Justif. of the Least Squares Principle.

To explain the idea, we treat a simple problem, i.e., the
approximation of three ‘observations’xi, yi (i = 1, 2, 3) by an
‘orbit’ which is a straight line

y = a + bx ⇒ βi = a + bxi

0

1

2

0

1

2

y1

y2

y3

x1 x2 x3 x1 x2 x3

β1

β2

β3

y1

y2

y3

mesuresyi arerandom samplings.

– p.65/67



Probability for having measuredyi (to a precision of∆y):

P (0 ≤ βi − yi ≤ ∆y) =
e−

(βi−yi)
2

2σ2

σ
√

2π
∆y.

Now, the probability for having measures thethreevalues
y1, y2, y3 (to a precision of∆y) is theproduct,i.e.,

(
∆y

σ
√

2π
)
3

3∏

i=1

e−
(βi−yi)

2

2σ2 = (
∆y

σ
√

2π
)
3
e−

P3
i=1(βi−yi)

2

2σ2 .

We have thenmaximum likelihoodof our result, when this
probability ismaximal,i.e., when the exponent

3∑

i=1

(βi − yi)
2 = min ! = principium nostrum!

– p.66/67



Grazie !!!

– p.67/67
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