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Euler ⇔ Lagrange :

Basel
1707

St. Petersburg1783

Berlin
Paris

1813

Torino
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1787

In Berlin wrote
• Euler hisMethodus(1744),
• Euler hisInst. Calculi Integralis(1768),
• Lagrange hisMéchanique(1788) ...
... for all three stood the Bernoullis at the cradle.– p.2/41



MethodusE65

3. Optimization

Calc.IntegralisE342

2. Diff.Equations

Lagr.Méchanique

1. Statics
4. Dynamics

“Parmi tant de chefs-d’œuvre que l’on doit à son génie, saMécaniqueest sans

contredit le plus grand, le plus remarquable et le plus important” (Delambre 1813).
– p.3/41



1. Statics.

(Opera omnia, printed 1615 (Paris, ed. David Rivault, BGE Ka459)

(Opera omnia, printed 1615 (Paris, ed. David Rivault, BGE Ka459) 2 5
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Archimedes’ original proof:
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Archimedes’ original proof:
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P. Varignon (work started 1687, publ. posthum. 1725):
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Varignon 1725, plate 13 Varignon 1725, plate 36
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Varignon 1725, plate 39 Varignon 1725, plate 59
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Varignon 1725, plate 61 Varignon 1725, plate 64
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Joh. Bernoulli’s letter (Febr. 26, 1715)(301 years!)

(Joh. Bernuolli’s letter, page 1; courtesy M. Mattmueller,Basel)
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Joh. Bernoulli’s letter, page 3:

“Your project ... is crowded with
examples, some of which
appear quite complicated;

but I challenge you to select any of
your choice, and I’ll solve it immediately

and like playing with my rule.”
I even dare to say, that all your examples ...

– p.11/41



Idea: perform small displacement by “vitesse virtuelle” (×dt):

(Joh. Bernuolli’s letter, page 8)
(Joh. Bernuolli’s “Disquisitio Catoptrico-Dioptrica”)

(Acta 1701, p. 19; Opera I, p. 369, 386)
“ex communis centri gravitatis maximo descendo”

(Joh. Bernuolli’s letter, page 6; courtesy M. Mattmueller,Basel)
– p.12/41



Bernoulli’s “regle” in Lagrange 1788: (except the pictures!!)

Archimedes:P · a = Q · b

a b
−dp

dq

P
Q

O

Bernoulli: −P · dp = Q · dq

⇒ Pdp + Qdq = 0.

→

ր

a b c
d

−dp dq −dr

P

Q

Q′
Q′′ R

O O′

Pdp + Q′dq = 0

andQ′′dq + Rdr = 0;

⇒ Pdp + Qdq + Rdr = 0

etc.⇒ anymachine:“general formula for equilibruim”:

Pdp + Qdq + Rdr + . . . = 0
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General theorem of equilibria:

Bernoulli’s rule as published by Lagrange 1788

Bernoulli’s regle as published by Varignon 1725

Joh. Bernoulli’s original text – p.14/41



First example treated by Lagrange (in sect. V):

p

q

r

P

Q

R

−dp

dq
−dr

(a,b,c) (f,g,h)

(l,m,n) same problem in Varignon (Plate 36)
... in Bernoulli (p. 8)

ComputePdp + Qdq + Rdr:

p=
√

(x−a)2+(y−b)2+(z−c)2 , ⇒ dp= 1

p
·((x−a)dx+(y−b)dy+(z−c)dz) ,

Xdx + Y dy + Zdz = 0

dx, dy, dz indep. ⇓
X = 0 , Y = 0 , Z = 0 .

X = P x−a
p + Q x−f

q + R x−l
r

Y = P y−b
p + Q y−g

q + R y−m
r

Z = P z−c
p + Q z−h

q + R z−n
r– p.15/41



Constrained position : (to surfaceL = 0) ⇒

P Q

R

dx,y

dz(a,b,c) (f,g,h)

(l,m,n)

L=0

Xdx + Y dy + Zdz = 0 (a)

dx, dy, dz not indep. because

∂L
∂xdx + ∂L

∂y dy + ∂L
∂z dz = 0 . (b)

(a)+(b) is linear system,
⇒ Intermezzo. . . . . .
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Intermezzo: Misc. Taurinensia, vol. I, (1759):

Lagrange’s opus 1:

... plusieures variables ...

(“Gaussian” elimination at matrix






A B D
B C E
D E F




)
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Retour: Constrained position : (to surfaceL = 0) ⇒
P Q

R

dx,y

dz(a,b,c) (f,g,h)

(l,m,n)

L=0

Xdx + Y dy + Zdz = 0 (a)
∂L
∂xdx + ∂L

∂y dy + ∂L
∂z dz = 0 . (b)

(X + λ
∂L

∂x
)dx + (Y + λ

∂L

∂y
)dy

︸ ︷︷ ︸

= 0 for all dx anddy (indep.)

+ (Z + λ
∂L

∂z
)

︸ ︷︷ ︸

= 0 (determ.λ)

dz = 0

X + λ
∂L

∂x
= 0 , Y + λ

∂L

∂y
= 0 and Z + λ

∂L

∂z
= 0 .

Is the same as applying virtual vel. argumentwithout const.to

Xdx + Y dy + Zdz + λdL = 0 .
– p.18/41



Additional constraints M = 0, N = 0 etc.... :
add additional termsµ dM , ν dN etc... (same linear algebra)

(“Il n’est pas difficile de prouver par la théorie
de l’élimination des équations linéaires...”)
(Lagrange 1788)

⇒ “équation générale” for ALL problems of equilibria:

Pdp + Qdq + Rdr + . . . + λdL + µdM + νdN + . . . = 0

Lagrange 1788 (Section IV):“Méthode très-simple”

Lagrange 1811 (Section IV):“Méthode des Multiplicateurs”:

Lagrange 1811, Heading of §1, sect. IV. – p.19/41



Example: The Catenary.
“une chaînette suspendue par
deux clous contre un mur se place
presquead unguem
au-dessus d’une parabole”
(G. Galilei,Discorsi
1638, deuxième journée, p.186)

... la ligne de la corde ou chaine pendante, ... (qui) renferme des
proprietez singulieres et remarquables. Je l’avois considerée
autre fois dans ma jeunesse, n’ayant que 15 ans, et j’avois
demontré au P. Mersenne, que ce n’estoit pas une Parabole. . .

(Lettre deHuygensà Leibniz, le 9 oct. 1690)

“Les efforts de mon frere furent sans succès, pour moi, je fus
plus heureux, car je trouvai l’adresse (...). Il est vrai quecela me
couta des meditations qui me deroberent le repos d’une nuit
entiere (...).”

(Joh. Bernoulli, voir Briefwechsel, vol. 1, p. 98)
– p.20/41



Solution by Lagrange:

ℓ

ℓ

ℓ

(x1,y1)

(x2,y2)

(x3,y3)

(x1 − x0)
2 + (y1 − y0)

2 − ℓ2 = 0

(x2 − x1)
2 + (y2 − y1)

2 − ℓ2 = 0

(x3 − x2)
2 + (y3 − y2)

2 − ℓ2 = 0

. . .

dy1+dy2+...+λ0 ·d((x1−x0)
2+(y1−y0)

2−ℓ2)+λ1 ·d(...)+... = 0

diff. and collect coefficients ofdx2, dy2, ...

λ2(x3 − x2) = λ1(x2 − x1)

λ2(y3 − y2) = λ1(y2 − y1) + 1
2

⇒

y3−y2

x3−x2

= y2−y1

x2−x1

+ const.
a · p = s

a · dp =
√

1 + p2 dx (*)
– p.21/41



a · dp =
√

1 + p2 dx (*)

Questo è un’equazione differenziale ...

facciamo un piccolointermezzo...

vediamo il primo lavoro della collaborazione dei fratelli

Giacomo e Giovanni ...

2. Differential Equations.

– p.22/41



Problem of the Isochrone.(ισoς =equal,χρoνoς =time)
Leibniz 1687, sol. Huygens 1687, Leibniz 1689: “Demonstratio Synthetica”!!
Search curveABC: falling body: equal time diff. <=> equal altitude diff.!!
Sol: Jakob, Acta 1690:

−1

dy

dx

y

x

1

√
2gy
b2 − 1

S1

S2

A

B

C

Galilei:
dx2 + dy2

dt2
= 2gy

desire:
dy2

dt2
= b2

divide: dx =

√

2gy

b2
− 1 dy.

“ergo & horum integralia æquantur"

x =
b2

3g
(
2gy

b2
− 1)

3/2
.

first use of term “integral”, first practical differential equation
solved, “by separation of variables”. – p.23/41



Solution of the Catenary.
Acta 1691, p. 274,OperaI, p. 48 (“demonstrationem lubens omitto”)
“Je ne mets point ici la démonstration, parce que ceux qui entendent ces matiéres, la

trouveront aisément, & qu’il faudroit trop de discours pourla faire comprendre aux autres.”

H

V
x

y

A

E
B

s

(Lectio XXXVIII, OperaIII, p.498)

a p = s with p =
dy

dx

a dp = ds =
√

1 + p2 dx. (*)

“ergo & horum integralia æquantur..”

a

∫
dp

√

1 + p2
=

∫

dx

Today: arsinh(p) =
x − x0

a

p = sinh(
x − x0

a
)

y = K + a cosh(
x − x0

a
) .

– p.24/41



... but sinh, cosh, arsinh, arcosh were not yet known.
Johann’s demonstratio: (Lect. XII, XXXVIII, OperaIII, p. 428, 494)

(Leibniz, Acta 1691)

Idea: multiply (*) withp:

ap dp =
√

1 + p2 p dx =
√

1 + p2 dy

can integrate:
a

∫
p dp√
1+p2

=
∫

dy ⇒ a
√

1 + p2 = y

solve forp: p = dy
dx =

√
y2−a2

a

separatione:
∫

dx
a =

∫
dy√
y2−a2

“erit, per naturam Logarithmicæ”
x
a = log(y

a +
√

y2

a2 − 1 )

“cum solutione Dni. Leibnitii conveniat”.
take expo (did not yet exist...) and solve

⇒ y = a(e
x
a +e−

x
a

2 ).
– p.25/41



Exponential function.
Johann Bernoulli,Principia Calculi Exponentialium, seu
Percurrentium, Acta 1697 (Mart), p. 125,OperaI, p. 179–187.
Proud of being, together with Leibniz, the solver of the
Catenaryproblem, and mixed with harsh attacks against
Bernard Nieuwentijt (the paper quotes “Hugenius” 5 times,
“Leibnitius” 10 times, and “Nieuwentiitius” 12 times!) he
explains the use of theexponentialiumxv = y and their rules.
(The use of the basee = 2.71828... is due to Euler’sMechanica
E15 & E16,1736)

“Le Calcul exponentiel donné par moi, qui est-ce qui en avoitécrit quelque
chose ? En trouvoit-on quelque chose chez Fermat, qu’on appelle ici premier
calculateur des infiniments petits.” (Joh. Bernoulli,Remarques sur le livre
intitulé “Analyse des infinimens petits...” par Mr. Stone, de la Societé Royale
de Londres, 1735, OperaIV, p. 169)

– p.26/41



... 75 years later: Leonhard Euler (1707–1783):
Dès mon arrivée ici, l’Académie Impériale a bien voulu se charger de l’impression

de mon ouvrage sur le Calcul intégral...(Euler’s letter to Lagrange, Jan. 9, 1767)

E342,E366,E385:Institutiones Calculi Integralis 1768/69/70

250 anni fa !!!
– p.27/41



E342

§40–§396: Integr. of Functions

§397–§667: First Order Diff.eqns.

E366

§706–§1099: Second Order DEs

§1100–§1275: 3rd & Higher O.

In all “Sectio”: first analytic, then numeric (per approximationem).– p.28/41



3. Optimization
Variational Problems:

Joh. Bernoulli 1696:
“Problema novum”:

(Brachystochrone)

dxdx

dydy
dsds

A

B
M

x

y

Given pointsA, B

find curveAMB

such thatM gliding
“quam gravitate”, arrives in
“brevissimo tempore” atB.

Jak. Bernoulli 1697:
“Propositione reciproca”:

(isoperimetric problem)

y

g(y)
max !

L

B

C

E

T

a

M

N

Given pointsB andC

given functiong(y) : aN 7→ MN

find curveBaC of given lengthL,
with areaBMETNB maximal.– p.29/41



Euler’s Methodus inveniendi lineas curvas(1744):

J =

∫ b

a

Z(x, y, p) dx = min! vel max! wherep =
dy

dx

Euler’s Solution.

1. Approximate curve
by polygon

2. Approx. Integral
by -sum
(“Riemann”)
and diff. w.r. toν;

3. Set derivative to zero;

4. inverseEuler method⇒
(N = ∂Z

∂y ,

P = ∂Z
∂p ).

– p.30/41



A first integration: (Methodus, E65, Cap. II, Art. 30, Schol. I):

“in functioneZ omnino non insitx..” ⇒ Z − p · P = Const.
Exemplum: “Mobile per quam gravitate” fromA to M (u =

√
y):

A

M

x

y

A
M

x

y
Drawing by Euler

Leasttime: (Cap. II, Art. 35)
∫

ds
u =

∫
√

1+p2

√
y dx = min!

⇒ √
y = c 1√

1+p2
= c sin α

“curva satisfaciens Cyclois”

Leastaction: (Additamentum II)
∫

u ds =
∫ √

y
√

1 + p2 dx = min!

⇒ y = c (1 + p2)

“Manifestum ... aequationem
esse pro Parabola.”

(The very end ofE65) – p.31/41



Isoperimetric Problems: (with “proprietate præditas”)

J =

∫ b

a

Z(x, y, p) dx = minmax! with
∫ b

a

L(x, y, p) dx = 0.

Euler’sMethodus, Chap. V:entirely new theory (16 pages),
changing values ofy two-by-twoto respect the constaint:

Begin of Euler’s “Caput V” Drawing in Euler’s Caput V

– p.32/41



Isoperimetric Problems: (with “proprietate præditas”)

J =

∫ b

a

Z(x, y, p) dx = minmax! with
∫ b

a

L(x, y, p) dx = 0.

Lagrange 1811:
Heading of §3 in Section IV of Lagrange (1811)

Lagrange 1788(Sect. V):Solve without constraints

J =

∫ b

a

[Z(x, y, p) + λL(x, y, p)] dx = minmax.

Many examples. Here (Euler, §41 ofE65, Caput V):

– p.33/41



Solution of Jakob’s Challenge by Lagrange multipliers:

y

g(y)
max !

L

B

C

E

T

a

M

N

(Drawing forg(y) = y
2

Integral calculated numerically)

∫ 1

0

(g(y) + λ(
√

1 + p2 − L)) dx = max!

Euler’s diff. equation Z − p · ∂Z
∂p

= Const becomes:

g(y) + λ√
1+p2

= C + λL .

separation of variables:
∫

g(y) + K
√

λ2 − (g(y) + K)2
dy = x + c .

Bernoulli 1718:

Questo problema:• Fratelli Bernoulli 20 anni
• Euler 1744 20 pagine
• Lagrange 1788 In tribus lineis!!

– p.34/41



Remark. This problem gave rise for the first explicit ...

(Bernoulli 1718)

– p.35/41



4. Dynamics
Lagrange 1760, opus 7:(Misc. Taurinensia, vol. II.)

Starts right away with “Principe Général”for severalbodies

M
∫

u ds + M ′ ∫ u′ ds′ + M ′′ ∫ u′′ ds′′ + . . . = maxmin!
“and to use it for solving easily all questions of dynamics.”

– p.36/41



Lagrange 1788: Use d’Alembert’s Principle (Paris 1743):

P

Q

a
a′

a αdt
⇒

d’Alembert
P

Q
α

in equilibrium

P

Q
md2x

dt2

Lagrange

in equilibrium
reverse all arrows

“Le Traité de Dynamiquede M. d’Alembert, ... parut en 1743, ... Cette
méthode réduit toutes les loix du mouvement des corps à celles de leur
équilibre, & ramene ainsi la Dynamique à la Statique”(Lagrange 1788,
Seconde Partie, p. 179) – p.37/41



Way to general formula for all problems of dynamics:

“Dans la première partie de cet Ouvrage,
nous avons réduit toute la Statique à une seule formule générale...”

Bernoulli’s regle as written by Lagrange 1788, part I

⇓
“On pourra donc aussi réduire à une formule générale toute laDynamique; ...”

General equation for dynamics, Lagrange 1788, Part II

“... mais cette méthode ... a l’avantage d’ètre tirée des premiers
principes de la Mécanique [... but this method has the advantage
of having been obtained from the first principles of mechanics]”
(end of Part II, Sec. I). – p.38/41



So-called “Newton’s Equations”(Lagrange 1788, Section III):
Suppose that, as above,

Pδp + Qδq + Rδr + . . . = Xδx + Y δy + Zδz

– p.39/41



Retain original coordinates : Example: Elastic pendulum.

y

x

ẍ

ÿ
ar

aϕ

ϕ

r

x = r cos ϕ, y = r sin ϕ

d’A-B: ẍ δx + ÿ δy + R δr + Φ δϕ = 0

Potential: U = λ
(1−r)2

2 + r cos ϕ;

R = λ(1 − r) + cos ϕ, Φ = r sin ϕ

comp.: ar = cos ϕ ẍ + sin ϕ ÿ = r̈ − rϕ̇2

aϕ = r cos ϕ ÿ − r sin ϕ ẍ = 2rṙϕ̇ + r2ϕ̈

(...)δr = 0 ⇒ r̈ = rϕ̇2 + λ(1 − r) + cos ϕ

(...)δϕ = 0 ⇒ ϕ̈ = −2ṙϕ̇
r − sinϕ

r

– p.40/41



... e adesso facciamo qualque esercizi ...

– p.41/41
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