Johann Bernoulli and the Cycloid: A Theorem for Posterity
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1. The Beginnings with Geometry
Egli e scritto in linguamatematicae i caratteri son triangoli,
cerchi, ed altre figurgeometrichesenza i quali mezi e
Impossibile a intenderne umanamente parola..”

(Galilel, Il Saggiatore, 1623)

Torricelli (1644,De dimensione parabolae, Appendix de
dimensione cycloidjg. 85):Cycloid defined and named 1599
by Galilel as the curve generated by a pathdf a “generating
circle” AF' rolling on a lineE FG-...
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After long struggle]

are@yclo. = 3 - alre@jrcle| -




B. Pascal (Dec. 1658]istoire de la Roulette

“Il fit donc imprimer son livre en 1644, dans lequel il attréoa Galilei ce qui
est di au P. Mersenne ... et a soi-méme ce qui est di a M. devabber

“[Pascal] fait preuve d’une extréme partialité vis a vis deBrval et d’'une
grande injustice envers Torricelli” (Editeurs d@sivres de Pascal

Challenge by “Amos Dettonville” (Blaise Pascal, Jun. 1658)
“lls [Les problemes proposeés par Pascal] me semblent stithfipour la
pluspart gue je doubte fort si celuy mesme qui les a prop@seadurroit
tous resoudre, et voudrois bien gu’il nous en eust assure@amesme

imprimeé. Autrement il est fort aisé d’inventer des problenmpossibles....”
(Letter of Huygens to Ismaél Boulliau, July 25, 1658)

This challenge has boosted researches about this curve #gai
IS reported that Pascal was searching a terribly difficult
geometric problem in order to divert his spirit from painful
tooth akes.



Christiaan Huygens (1629-1695). Manuscript (July 1658):

Prop. HM1. arcBG = GE. B

A

Proof.

S1 = S9 (by Def)

So = S3 (EUC'. |15)

s3 = s4 (parallel)

s1 = s; (parallelogram)
hences; = s .




Prop. HM2. Totum cycloidis spatium BC' triplum erit circuli
genitorisBD.

O;ﬁ

Proof: BF = LD = BG = MD = (Prop. HM1) EG+ NM = AD hinc facile...

N

C Prop. HM4. A Leibniz (1674)

Huygens Leibniz

CY =1CF=YZC =FOY sectoldG = FBA
(long complicated proof) (no proof)



Huygens’ Horologium G
osclillatorium.
from 1673:

— QT

HH1. Tang.InP || GO;

HHZ2. Its perpendicular
IS tang. to cycloidD F'F;

HH3. The cycloidFQFE is £

a’ir

evolute of the cycloid7PFE, cycloid GPE is involute of FGE.

Proofs fill entire book.

HH4. The arc lengtiGPE Is 4a, wherea Is the radius of~ A;
HH5. Reversed picture constituteschronous pendulum.



2. New era: Differential- and Integral Calculus
e Newton,Methodus Fluxionummanuscr. 1671publ. 1736
e Leibniz,Nova methodus.AE 1684.

“Es ist aber guth dass wann man etwas wurklich exhibiret nm&nexer keine
demonstration gebe, oder eine solche, dadurch sie unsmintbt die schliche kommen”
(Leibniz an Bodenhausen, 13./23. Marz 1691)

Remark: In the same letter Leibniz communicated his saiuto Leibniz (1674)(see
above) to Bodenhausen.

¢ Jakob and Johann Bernoulli: years long struggle to deciphe
Leibniz’ “énigme”. 1689/90 first successes (see PH and )yest.
“Ich habe neulich H. Prof. Pfauzio geschrieben daf} mich Hn&alli Expression nicht

wenig geargert, immalden er darinn nicht wenig grazgrob,affen er darinen nicht allein
pretium meines Calculi (dessen er sich doch selbst nun gtighiibedienet...) zu

vermindern suchet, sondern fast mir tacite plagium imputit (Leibniz an Mencken, 19
Mart 1691)



End of 1690: Johans> Geneva, late 1691 Paris.

“In Genf hatte Johann ... schone Erfolge erzielt, vor allast §leichzeitig mit dem Bruder
die Formelp = (%)3 : % fur den Krimmungshalbmesser aufgestellt und mit ihrereHilf
grosse formale Vereinfachungen ... erzielt.” (J.E. Hofma868; from the preface of

reproduction of Johann®pera OmniaGeorg Olms, Hildesheim)

Important source: Lessons for the Marquis de I'Hospital
(published 1742 in vol. Il oOpera Omniap. 385 ff.)

Example: Lectio XVII, proof ofHH1.

2 = 2axr — 22 ;Ly:...:i (*)
T X
ds* = dx? + dz* (see PH, Slide 12-13)

(Hundred year old guestions become simple calculationa$olg some simple rules)



Lectio XVI: Circuli Osculantis

Lectio XXVI: Curvis Causticis

el . BH ds
Thales: £ = 2 Thales: gy = =,
Thales: 25 = ¢ D Eucl.VI.3: BN — %
2 2 2 2 dz® + dy”
p_(dx + dy?)\/dx? + dy BH erit= =~
—dx 2y —2d%




Lectio XXXI.
“Sit Cyclois ABC' ...

(+ 13 lines of calculations ...)

“Causticad H E' est etiam Cyeclois, cujus circulus genitor est
subquadruplus circulk £'C"”

16 16 TR A
0 1

il

G

/4

I
L0
=3

Zf
57
S -2

(see talk PH; see also “alterum sic demonstratactio XXXII,
Operallll, p. 479 et Fig. 116. p. 482).




Lectio XVII: “Sit AB Cyclois”.

Figa. A
G y
H
p
2
D
D

... two more lines of calculations from (*) to obtaity =
Lemma 1. ... ideoqueBD =2GH = 2 BL.



Lectio XIX: Rectificatione curvarum ope suae Evolutionis.

Many parallelsHH1: |“spatium curvilineumAGC' = segm.AD”

A 0,

_.emma 2. S, i
S1 =59

59
(append identical % /D C\
trianglesAK D andCOG)




Lectio XIX: Continuatio ejusdem ar

gumenti.

GI = DJ, “hujus integrale estLG = v2ax = AD = CG

Lemma 3.

Inverse of Lemma 1: proofs stiH2, HH3, HH4 all together.

i

curveeAC = duploCG = C'L




2.a. The Brachystochrone Problem

“Tous ceux qui scavent au moins les Nouvelles des Sciennesntendu
parler du celebre Probléme teplus vite DescentéFontenelle, Eloge du
Marquis de I’'Hospital, p. 51)

At the end of an article in thActa Eruditorumfrom June 1696,
Johann Bernoulli suggests the following problem:

“Datis In plano verticali

A X_ duobus punctisi et B
\& assignare mobilV/, viam AM B
dx per quam gravitate sua descendens
SN et moveri incipiens a punctd,
M . brevissimo tempore perveniat
Y ad alterum punctuni”.

He adds that the curve is well known to the geometers and fix
a delay of six months for submitting a solution.



Leibniz Journal des Scavardu 19 novembre 1696, p.
451-455): delay should be prolonged until Easter 1697, 30 th
also other people might taste the pleasure of the new Calculu

In the same spirit:Je voudrois que quelques uns de vos Geometres qu
se vantent de posseder de si excellentes method@genis et minimiss’y
attachassent, car voyla un exemple, qui leur donnera destadres et
peutetre plus que leur methode ne pourra faire.” (Joh. Blinetter to de
I'Hospital, June 30, 1696)

The solutions of Johann Bernoulli, Jakob Bernoulli, Ledmie
I'Hospital, Tschirnhaus and Newton are published inAloga
Eruditorumof mai 1697.



Johann’s solution.
“une merveilleuse identité de notre courbe avec la courbunayon de
lumiere” (Letter of Johann to the Marquis de I'Hospital, itaB0, 1697)

Fermat, Leibniz and Huygens:

B ¢ U1 (%)

Sin vy SIN (o

- 2 2
C.\’l\%z N v :U\/da: + dy _

SIn dy
Odéy)\-.B . .
X Galilel: v = /ax
simplify ... and render more complicated ...

dy\/ T T dx adx (@ — 2x)dx

a

a—x _\/ax—x2 War — 22  Waxr — 12

both terms are now integrable:




T 5 dx (a — 2x)dx
dr = .
a— T Var —x?  2vVax — 22

repeat: dy = \/

“Integralia aequantur”
y=CM =ardGL) — LO.
circle well positioned:
ML =ardLK).
HM1: sol. is cycloid!




Answer not yet perfect
(“Datis in plano verticali duobus puncti$ et B etcetera.)!
Use Thales:

Ffj 1. Fg L XII.

NI

Joh. Bernoulll, AE 1697 Newton AE 169/No proof J




“De la plus vite descente, résolue d’'une maniere directe &
extraordinaire”. (communiquée a “L'incomparable Mr. Leibnitz” en
1697, publie AE 1718Dperall, p.267—268)

Let BD B’ be fixed sector
with fixed distancd.D = a.

Mobile starting inA
arrives inB with veloc. \/z.

For whichzx Is crossing for sector
BB’ in minimal time ?

Solution:
ds a—+zx . a .
dl' = — = dov = min! = — — min! = —
v v Jitve t=a

l.e. (Lemma 1) solution is cycloid.



2.b. Isochronous pendulumaA.E. 1698 Qperal, p. 248):
r 3

1 = ¢ X o
GD | FD 2] | = ¢ x H3D _XDX
MD | ED LD | AD

ND| TD
mD el OD | BD an | AT
Mm | Fe

(|1|per Def. | 2[‘per naturam Cycloidis(Lemma J |3| Thales

“per naturam gravium descendentiunvel.,;,,, = q - vel.g.
“descendus peb ' & DG suntisochroni”.



2.c. Rectifying the circle through involutes
“Ce théoreme remarquable est di a Jean Bernouilli (...).D($oisson, 1820)

Johann Bernoulli gives in vol. IV of hi®pera Omnigp. 98-108

a surprising method for approximating

S T F X B

0) K
P L G
( x
M H

Q Y A C

ldea. Start with circleAD B of radiusAC = BC' = 1 and arc
lengtha = arc AB (our 3). Draw involutesAE F, FGH,

HIK, KLM, &c starting atA4, F', H, K, &c. Write
b=arcAF, c=arcHK, e=arcMO,6 &c

for the total arc lengths. Inspired b{H3 he claims, without
proof, that the involutesonvergunt ad Cycloidem

First proof: Euler 1764. Later proofs: Legendre 1817, Rmsk320 and Puiseux 1844,




y dvﬁ ' A D ¢ a_’;B
— W K\ b—y dz
C—W T, b—
v dw T Y dy” Yz )
[w $ = Y4 5
M H A C

Computation of the arc lengths of the involutes:
ChooseD on AB with z = arc AD.

= polygonD. E. G, I, L,...with arc distances, vy, z,w,v,...

Involutes: tangents of same lengths.
2=0y=crx=w=wv,...=0;z2=a.y=>0,w = ¢, &C.

Orthogonal angles: all shaded triangles similar, hence

d: _ dy dz _ dz dr _ dw
1 z'1  b—y' 1l x’etc'




I F
L@A xA D , a—zﬂB

—w b—y dz
Y C_wdw 7m0y Sy I

[w Ey [ J
M A O
differentials Integration set= qa
dy = zdz y:»g_? b:‘;—?
dr = (b—1y)dz x:bz—g—T HF:ba—%—?
dv=zdz  w=by-§  c=by-f
dv=(c—w)dz v=cz—by+5 MK=ca—bg+§
du=vdz  u=cy-bytf e=cy-byty
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Inserting, finally, the computed valuesigfc, &c in the

subseguent expressions, Johann obtAlhs= 2?)), L C = 51,,

MK = 16%, e = 614 and so on. See his values :

Cuva I =4 (1) Vm="(mf-_;ﬂ.%ﬁ)
eee B=2(3) | X (B
Iﬂ=f'(ﬁ.—3) X =t (e —
—— ="("’f.";“)  Xl=a"' (— 2:.,."?“-,,)
"V="’(1.=.;.+5) XII-—-J”(_"‘%T'—.-H)
coos VI=dt (55mg) Xl ot (20200
oo V=0 (75— ) XIV = ate( lo0300000

Curiousol, 1, 2, 5, 16,61, 272, 1385, 7936, 50521, 353792, ...?
Numeri di permutazioni alternanti !! (vede conf. Delucchti.)



| pari sono inumeri di Euler
1,—1,5,—61, 1385, —50521, 2702765, —199360981, 19391512145

Indeed, the formulas — % = 0, ¢ — b% + % = 0, etc. from the

rightmost column tell us that the formal series expansion of
2
a” o a

4 6
(146 + ¢t e +..) - (1- 3¢ |4!g4—%g6+...):1

IS satisfied. Thereforg c, e, . .. are the Taylor coefficients of
the functionﬁ. Similarly, the arc lengths for odd roman

numbers are the Taylor coefficientstah a(.

Rectifying the circle.Johann presents two methods:

First methodLimiting cycloid stretch over

CB=AX =YF =QT =1, hence generating radius Is
r = <; thus byHH4 the arc lengths beconte This we
compare with the computed values:




for example

for “Curva VIII”

4 ~ (E)S@

2 8!
hence

9 ~ 8!
(5)" =2 5%

or

v

9/ 28!

T~ 24/ i3

‘Curva’| 2a ~ error
1| 2¢/28 | 0.3131655288

I 29/22 | ~0.0332004503

| 2¢/22 | 0.0114234934

V| 2¢/2E [ —0.0024196887

V| 2¢/22 | 0.0007570486

VI| 2{/2% | —0.0001999873

VIl | 2¢/25 | 0.0000609333
VIl 29/ 28 1-0.0000175640
X2 /2% 0.0000053536




Second method:

divide consecutive
results; get no roots
but is less precise.

Example: divide

Vil and VIII :

27247 . 1385a®
77— 8

hence

o 8272
20 >~ 2 T3¢
4352

1385

2a error

= I 2.2 —0.85840734

Il =1l 2.2 0.14159265
=1 | 2-2 |-0.05840734
v=v | 2.2 0.01659265
V=V 2. %8 1-0.00594833
Vi=VIl | 2.8 | 0.00188677
VIE = VI | 2822 1-0.00064561
VIIL =IX | 23222 | 0.00021160
IX =X | 2.8 1—-0.00007120
X=X |2 822 0.00002359
XI = XII | 21225502 10.00000789
XIl = XIIl |2 - 2202021 (0.00000262

22368256




2.d. Sqguarable areas of the cycloid
Pag. 66.Quarrer I'éspace cycloidal. &cQuel abus des Séries! On trouve

bien l'aire sans elles, & méme tres-simplement sans calcul.
(Joh. BernoulliRemargues sur le livre intitulé “Analyse des infinimens
petits...” par Mr. Stone, de la Soc. Roy. de Lond., 1,3peralV, p.175)

Mem. in the AE from 1699Qperal, p. 322-327).Cycloidis
primarise Segmenta innumera Quadraturam recipientia ;
aliorumque ejusdem spatiorum guadrabilium determinatio :
post varias illius fortunas nunc primum detecta.

(French versiofiQuadrature d’une infinité de segments de la cycloide ordaa
détermination nouvelle d’autres espaces quarrables agessfortunes diversess
presented to the ’Académie des sciences in Paris on Juli/GBB, publ. in

I Histoire de ’Académie royale des sciendd99, p. 134-139)

Johann starts by writinPraecise centum sunt anni (anno
nimirum 1599 ...)7 and presents, after a long historic overview
three new Theorems:



Theorem 1.

If AK = [ H then
areaBC' DB =
tr. LF'l + MFK

If AK = I H then
areaBC'DB =
tr. LF'] — MFK

If AK = I H then
areal BADI =
ISOSC.tr.LF' M



y -
\]Ohann S Ut ad rem veniam: Sit Cyclois primaria E A G, cujus bafis T as.
Proof EG, axis AF, circulus generator ALF: Du&a pro lubity N°-LV1I
" duz applifafﬁ? IB & KD, illa a centro H, hzc a vertice ﬁg::
A zqualiter diftantes, determinabunt in Cycloide duo punéta
B & D, quibus junctis recta BD, du@ifque LF & MF:
Dico Segmentum Cycloidieum BC DB fore guadrabile , zquale
wimirum ( in Fig. L) [umme triangulorum rectilineorwm LFI +
MFK, & (in Fig. IL. ) differentia corumdem LFI—MFK:
quod fic demonftro. Concipiantur duétz HL, HM; item
NAO, parallela bafi EG; & BN, DO parallelz axi AF.
Applicatis IB, K D (Fi. L) exiftentibus ad partes oppofitas,
erit fegm. BCD B =trapezio BN O D demtis duobus tri-
lincis ANB & AOD; Eft autem trapez. BNOD=(:BN+
1 DO) inNO=[ob HI— AK]1:HAin NO=!HAin
N A 4L HA in O A. Jam ex natura Cycloidis, HAinNA
— ' HA in (arcum AL + re&. LI)—feGoriLHA + tri
L HF — fe&ori LFA ; eodem modo demonftratur : HA in Oi
— {+&. MF A. Hinc trapez. BNOD = fe&. LFA + fe&.
MEFA. Quoniam vero iterum, €X natura Cycloidis, trilin.
ANB = fegm. circ. AIL, & wilin. AOD ={egm. circ.
AKM; ablatis AIL & AKM, a {etoribus AFL & AFM,
remanebunt duo triangula reétilinea LEI+MEFK =trapez.
ENOD — ANB— A OD = fegmento cycloidis BCDB.
Q E. D. Porro applicatis IB, KD (Fi. IL ) exiftentibus
ad partes eafdem ; fegm. BCD B==trapez. BNOD — tri«
lin. ANB =+ trilin. AOD. Jam prioribus veftigiis infiften-
do habetur trapez. BNOD=+HA in NA—!HA in
O A — fe&. LEA — fect. MFA; furrogatis igitur, loco tri-
Incoram ANB, AOD), ipfis zqualibus fegm. circ. AIL,
AKM, prodibit fector LF A — fe&t. MEA — AIL4+AKM,
id eft triang. re&il. LFI — MEFK = fegmento Cycloid.
BCDB. Q. E. D. _ -
CororL I Sipun@a K & I coincidunt , manifeftom
A Lot r B T3 feomentim retum .H&'fmmﬂm




Proof of Theorem 1.

AK = [H = 88100 — & — ttapBNOD = T1 +To+ T3+ 1}
Insert Ty =Sy +T3, Ti=Sy+Ty To=T;, Ty=T,
HM1 and Archimedes Eucl.1.41
hencelrapezium= Carrot Subtract from botlb; = S5 and
S1 =5, (Lemma 2) gives|Segmg . pp =13+ Ty + 15+ T |




Proof of Theorem 2.
NO=NA—- A0 =
Trapgpony =11+ 15 — 15 — T
hence

SegMgpp = Trapgpoy —S1+ 51 =Ty + T35 — T, — T; .

Proof of Theorem 3.

Move the point/ horizontally tob on the cycloid.

areatri/BD = bBD = areaseciBAD =bBAD = ...
... = Res.Thm.1- Res.Thm.2= 2(T} + T3).



Theorem Ilfor K = I is the result of Huygens and fér= A
(and thereford<{ = H) Is that of Lelbniz.

At the end of his article sent to Paris, Johann Bernoullestat
that, whenever the “démonstration synthetique” of his gane
results “aura eu le bonheur de plaire a ’Académie”, he would
transmit also his analytic calculations, which were at thgiio

of their discovery.




Conclusion
Which of the many theorems on the cycloid was tham

Theorem for which Johann was particularly proud and on whi
he based his posterity? Let us have a closer look to the p&tur



We recognize clearly the picture foheorem 1of the Acta
Eruditorumfrom July 1699. Precisely 100 years after the
discovery of the cycloid by Galilei, after a century of stgles
by the most eminent mathematicians (Descartes, Torricelli
Roberval, Pascal, Huygens and Leibniz), he was able to
generalize two particular results of the last two of them and
realized an unexpected discovery In a long standing tcaditi



Jakob Bernoulli’s reaction. This discovery of his brother was
apparently a bitter pill for Jakob; three months later (8eyder
1699) he published an article in tAeta Eruditorum sepit.
1699, p. 427-428, also Johan®@perall, p. 328-329]:
Quadratura zonarum cycloidalium demonstrata (Quadrature
démontrée des zones cycloidajes)t mentioning with a word
the result of his brotheand by proving

Theorem. Let B and D be points on the same half of a cycloid
with summit4, then the area of the spadeD M L is twice the
area of the cycloidal trianglé> B A:




Jakob’sProof consisted in a page of analytical calculations an
was later modified by Gabriel Cramer (1704-1752) .

But we can boll it down to Eucl. .41 and Eucl. |.35:

A

(Jakob’s drawing)

Jakob terminates his article by writingethodum vero tam facilem haud
alia fini pandere volui, quam ut Frater, exemplo meo, ad gaeastanda incitatus, mei
guoque Problematis Isoperimetrici promissam analysigdamaliquando nobis impertiat [l
developed this really easy result for no other reason thamogher follows my example and
reveals after all his promises haslution of my problem about isoperimetric curyes

This last sentence should remind the readers oAtttaof the
only — and painful — defeat of Johann in their rude rivalty.



3. Trigonometric Functions.

EulerE244 written 1754 “Logarithmi quidem statim primis ...
lisque iImprimis calculus exponentialium cuius inuentione
Cel.Joh. Bernoulli b. miure sibi vindicanerat...”

r=1t+sint, y=1+4cost

dy __ —sint __ t
dr  1+cost tan 2

_ 2 _ L
ds = \/7T(1+cost)2+sm t = 2cos;
3:2f_7rcos%dt:8

V= ﬂ-fi:r y* dr = ffﬁ(l + cost)? dt

it -sintdt (Leibniz 1674)




4. Back to Geometry. 7

—
N\ (Q ¢ p
>
C €T
T
o |RE
- T

a

@
__F \¢[___

At every moment the circled B and B rotate around the base
point B resp./. Just look ate the velocities ¢t and()

everything clear!! see alsar = 2a sin® a (Brachystochrone)




same Idea for

position of caustic !!

L =L, FB = refl. ray

MHB = &; Hno lat.vel.
H 1s position of caustics
Eucl. 11.20; M LH = 2t

HHH...on cycloid.

é

It iIs not easy to use thgeometrionethod to discover things, it is
very difficult, but the elegance of the demonstratiafter the
discoveries are mades, really very greatThe power of the
analyticmethod is that it is much easier to discover and to prov
things, but not in any degree of elegance. There is a lot of dir
paper with x-es and y-s and crossed out cancellations and so ¢
... (laughers).

(R. Feynman, lecture of march 13, 1964, 35th minute.)



Grazie tanto
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